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ABSTRACT 

We introduce a class of combinatorial hypersurfaces in the complex 
projective space. They are submanifolds of codimension 2 in CP n and are 
topologically "glued" out of algebraic hypersurfaces in (C*)n. Our con- 
struction can be viewed as a version of the Viro gluing theorem, relating 
topology of algebraic hypersurfaces to the combinatorics of subdivisions 
of convex lattice polytopes. If a subdivision is convex, then according to 
the Viro theorem a combinatorial hypersurface is isotopic to an algebraic 
one. We study combinatorial hypersurfaces resulting from non-convex 
subdivisions of convex polytopes, show that  they are almost complex va- 
rieties, and in the real case, they satisfy the same topological restrictions 
(congruences, inequalities etc.) as real algebraic hypersurfaces. 
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I n t r o d u c t i o n  

Topology of real algebraic varieties, brought to the wide mathematical audience 

by D. Hilbert in his 16th problem, has been studied from two sides, looking 

for restrictions to geometric and topological properties of real algebraic vari- 

eties, and constructing varieties with prescribed properties (a lot of material, 

but, certainly not all, can be found in the surveys [7, 14, 33, 38]). Analyzing 

a gap between restrictions and constructions, O. Viro [33] suggested a concept 

of "flexible" curves, smooth surfaces in CP 2 having certain topological proper- 

ties of real algebraic curves, and asked for their classification in comparison with 

the classification of real algebraic curves. We mention a recent active study of 

real pseudo-holomorphic curves [10, 22, 23, 37] as a further development of this 

program. 

In the present paper we suggest another source for flexible curves, or, more 

generally, flexible varieties which we call combina to r i a l  hypersur faces .  These 

varieties are codimension 2 submanifolds in the complex projective space, they 

are conjugation invariant and their real parts are codimension 1 submanifolds in 

the real projective space. Our approach is based on the Viro construction of real 

algebraic varieties with prescribed topology [30, 31, 34, 36] (see also [13], 11.5, 

[19, 25]), which relates topology of real algebraic varieties to the combinatorics of 

Newton polytopes and their convex lattice subdivisions. The Viro gluing theorem 

states that the result of the gluing procedure is isotopic to a real algebraic variety 
under the condition of convexity of the subdivision used in the construction. We 
remove the convexity condition and show that the Viro construction modified in 

this way still can be performed and produces combinatorial hypersurfaces. Then 

we show that combinatorial hypersurfaces obey almost all known topological re- 

strictions to real algebraic varieties. These results can be viewed as the first steps 

in the study of the following questions: how far are combinatorial hypersurfaces 

from the algebraic ones, and how crucial is the convexity condition in the Viro 

theorem ? 

We preface the main material with illustrating examples and more detailed 

statement of the problem and our results. 

Consider an example of the Viro construction. Let Td C ]R 2, d E N, be the 

triangle with vertices (0, 0), (0, d), (d, 0), 

T : T d = A 1 U . . . U A N  

a triangulation with the set of vertices V c Z 2, and a: V -+ {+1} any func- 

tion. Out of this combinatorial data we construct a piecewise-linear plane curve. 

Denote by T(1),d T(d 2) and Td (3) the copies of Td under reflections with respect to 
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the coordinate axes and the origin. Take in T (1), Td (2) and T (3) triangulations 

symmetric to v, and define a at the vertices of new triangulations by 

a(eli ,  e~j) i j �9 = ele2a(z, j) ,  ( i , j )  E V, el,e2 = +1. 

Now in any triangle of the triangulation of Td U Ta (1)U Td (2) U Ta (a) , having vertices 

with different values of a, we draw the midline separating the vertices with differ- 

ent signs. The union C(r, ~) of all these midlines is a broken line homeomorphic 

to a disjoint union of circles and segments. Introduce the following maps: 

(~: T d I...J T (1) , Td (2) [.J T (3) --4 ]~02, fill: Int(Ta U T (1) U T (2) k.J Td (3)) --~ R 2 , 

where (I) is continuous onto, identifying antipodal points on O(Td U Td (1) U Td (2) U 

Ta(3)), and �9 is a homeomorphism. We call the curves ge(C(T,a)) C RP 2 and 

�9 (C(7, a) N Int(Td V Td (1) U Td (2) U Td(a))) C R 2 p r o j e c t i v e  and ai l lne T - c u r v e s  

of  d e g r e e  d, respectively. 

The Viro theorem states that  a projective (resp., affine) T-curve of degree d 

is isotopic in RP  u (resp., in N 2) to a nonsingular algebraic projective (resp., 

affine) curve of degree d, providing that the triangulation 7 is convex, i.e., there 

exists a convex piecewise-linear function v: Td -+ N, whose linearity domains 

are A 1 , . . . ,  AN (sometimes such triangulations are called r eg u l a r  or c o h e r e n t ;  

see [39] and [13]). The Viro theorem, in fact, endows the combinatorial broken 

line C(r ,  a) with a rich structure, which yields a number of restrictions on the 

topology of C(v ,a )  (see an account of known results in [27, 32, 33, 38]). 

On the other hand, there exist non-convex triangulations. The simplest exam- 

ple is shown in Figure 1 (see, for instance, [5]). Moreover, no efficient criterion 

for the convexity of a triangulation is known. There are examples of T-curves 

beyond the range of known algebraic curves [28], and there is some similarity 

between T-curves and algebraic curves: up to degree 6 any projective T-curve 

is isotopic to an algebraic one of the same degree [8], and vice versa, any non- 

singular algebraic curve of degree at most 6 in RP  2 is isotopic to a projective 

T-curve of the same degree. T-curves satisfy some consequences of the B~zout 

theorem [8], the Harnack inequality [18, 15], and the complex orientation for- 

mula [24]. Maximal T-curves satisfy the Ragsdale type inequality [15], which is 

not proved for maximal real algebraic curves. It is natural to ask whether any 

T-curve is isotopic to an algebraic curve of the same degree, and if not, how far 

T-curves may differ from algebraic ones. 

In the general Viro construction, which applies to any dimension, one starts 

with a convex lattice subdivision P = At U. - .  U AN of an n-dimensional convex 
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lattice polytope P in (~,_~_)n (where ~ = {x E R,x  ~ 0}) and an appropriate 

collection of polynomials F1, . . . ,  FN. Then the Viro construction produces an 

algebraic hypersurface A in the toric variety Tore(P)  associated with P.  The 

Newton polytope of A is P,  and the topology of the complex part of A (and of 

the real part of A if the polynomials F1, . . . ,  FN are real) is described in terms 

of topology of zero point sets of F1, . . . ,  FN. Namely, the complex (resp., real) 

part of A is, in a sense, "glued" out of the complex (resp., real) zero sets of F1, 

. . . ~ F  N . 

Figure 1. A non-convex triangulation. 

The zero sets of the initial polynomials in the Viro construction can be "glued" 

even if the subdivision is not convex (as was done above in the case of T-curves). 

However, in this situation the Viro theorem does not guarantee that the result 

carries an algebraic structure. In the present paper we study the following ques- 

tion: what can be said about the result of the "gluing" in the case of non-convex 

subdivisions of Newton polytopes ? 

Let us restrict ourselves to the situation when P is the simplex T~ in R n with 

vertices ( 0 , 0 , . . . , 0 ) ,  ( d , 0 , . . . , 0 ) ,  ..., ( 0 , . . . , 0 ,  d). Note that  the toric variety 

Torc(T~) associated with T~ is CP n . We show that  the result of "gluing" of the 

complex zero sets of the polynomials F1, . . . ,  FN is a codimension 2 piecewise- 
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smooth submanifold in CP  n . We call this piecewise-smooth submanifold a (com-  

plex)  c o m b i n a t o r i a l  h y p e r s u r f a c e  (briefly, C - h y p e r s u r f a c e )  o f  d e g r e e  d in 

CP '~. If the initial polynomials are real, then the resulting C-hypersurface is in- 

variant under the complex conjugation in CP  n. In this case, the C-hypersurface 

is called real .  The real point set of a real C-hypersurface is a piecewise-analytic 

hypersurface in RP  '~ and is the result of "gluing" of the real zero sets of the 

polynomials F1 . . . .  , FN. 

It is natural to compare the class of C-hypersurfaces of degree d in CP ~ with 

the class of algebraic hypersurfaces of the same degree. The following questions 

arise. 

1. Is any C-hypersurface of degree d in CP n homeomorphic (or isotopic) to 

an algebraic hypersurface o/the same degree 7 

2. Is the real part of any real C-hypersurface of degree d in CP n homeomorphic 

(or isotopic in RP n) to the real part of a real algebraic hypersurface of the 

same degree ? 

3. Is any real C-hypersurface of degree d in CP ~ equivariantly isotopic to a 

real algebraic hypersurface of the same degree ? 

In the present work we try to do the first steps to answering these questions. 

We show that any C-hypersurface of degree d in CP n can be smoothed and carries 

an almost complex structure. We prove that C-hypersurfaces of degree d in CP n 

share a lot of topological properties with algebraic hypersurfaces of degree d in 

CP n. In particular, the answer to the first question is positive in the case n = 2. 

Moreover, any real C-curve in CP  2 can be smoothed out into a flexible curve in 

the sense of [33]. As a corollary, we obtain that arbitrary T-curves satisfy all 

topological restrictions known for real algebraic curves. We also prove that  any 

C-surface of degree d in CP 3 is homeomorphic to an algebraic surface of the same 

degree. 

The material of section 1, where we describe the construction of C-hyper- 

surfaces, is basically contained in [30]. We provide here all details, since our 

setting is a little bit different. In section 2 we study the topological properties of 

(complex) C-hypersurfaces of degree d in CP  n and of double coverings of CP ~ 

ramified along C-hypersurfaces. In particular, we reprove the projective complex 

version of Viro's theorem (see [30]) which claims that  a C-hypersurface (resp., 

real C-hypersurface) of degree d in CP  n is isotopic (resp., equivariantly isotopic) 

to an algebraic hypersurface of the same degree, provided the subdivision is 

convex. In the case of arbitrary (not necessarily convex) subdivisions, we prove 

the following statements. 
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* A C-hypersurface of degree d in CP n is an orientable manifold, homologous 

to an algebraic hypersurface of degree d in CP  n. 

�9 Any C-hypersurface M in CP n is isotopic to a close smooth manifold M~m 

of codimension 2 in CP  n. If M is real, the isotopy can be made equivariant. 

�9 Given a (real) C-hypersurface M,  the tangent bundle to its smoothing M~m 

is (equivariantly) isotopic to a (equivariant) bundle of complex hyperplanes. 

In particular, M~m possesses an (equivariant) almost complex structure. 

�9 A C-hypersurface in CP  ~ is simply connected if n > 2. 

�9 For a C-hypersurface M of degree d in CP  ~ , one has 7r 1 (CP" \ M )  = Z / d Z  

i f n  > 2 .  

�9 Let M C CP n be a C-hypersurface and M ~ C CP  n a nonsingular algebraic 

hypersurface, both of degree d. Then H , ( M )  and H , ( M  J) are isomorphic 

as graded groups. 

�9 Let n be a positive odd number, M a C-hypersurface of degree d in CP  n 

and M J a nonsingular algebraic hypersurface of degree d in CP n . Then the 

lattices ( H n - I ( M ) , B M )  and ( H , - I ( M ' ) , B M , )  (where BM: H n - I ( M )  x 

H n - I ( M )  -+ Z and BM,: Hn-a (M ' )  x H n - I ( M ' )  -+ Z are the intersection 

forms of M and M ~, respectively) are isomorphic. 

�9 A C-surface of degree d in C P  3 is homeomorphic to a nonsingular algebraic 

surface of degree d in CP  3. 

�9 Any C-curve in C P :  is isotopic to an algebraic curve of the same degree. 

Section 3 is devoted to topology of real C-hypersurfaces in CP n. We prove for 

them the generalized Harnack inequality and the Gudkov-Rokhlin and Gudkov-  

Krahnov Kharlamov congruences. For real C-surfaces in C P  3, we also prove 

inequalities similar to the Comessatti  ones. 

Remark: An interesting question concerns the existence of a Hodge-like decom- 

position in the cohomology of C-hypersurfaces. A closely related question is 

whether the analog of Petrovsky-Oleinik inequalities is true for real C-hyper- 

surfaces in CP n ? 

1. Construction of C-hypersurfaces 

1.1 NOTATIONS AND DEFINITIONS. Further on the term p o l y t o p e  (po lygon)  

means a convex lattice polytope (polygon) in the nonnegative orthant R~. of R n , 

n_>2.  

Given a polynomial 

F = y ~  Ail . ~il ~in 
�9 . . z n ~ l  " ' ' '  " ~ n  

i l  , . . . , i n  
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by A(F)  we denote its Newton polytope, i.e., the convex hall of the set 

{ ( i l , - ' ' , i n )  �9 Rn : dil . . . in # 0}. 

The truncation of F on a face 5 of A(F)  is the polynomial 

F~ = Z Ail...i,~z~l " " " "  z~:" 
(il ..... i,~)65 

A polynomial F �9 C[Zl . . . . .  zn] is called n o n - d e g e n e r a t e ,  if F and any trun- 

cation F 6 on a proper face 3 of A(F)  has a nonsingular zero set in (c*)n (cf. 

[30]) 
1.2 EXTENSION OF THE MOMENT MAP. Let A C R n be a polytope, and let 

pA: (R~_) n --+ I (A)  be the moment  map (see [1, 2, 12], [13], 6.1), where ] ~  = 

{x �9 R, x > 0} and I (A)  is the complement in A of the union of all its proper 

faces, 

(1) ttA (Xl . . . .  , Xn) = ~"~(i, ..... i ,)EA X ] ' . . .  X~ ~ ' .  ( i l , . - .  , .  in) 
~ ( ~  ..... i , ) e a x ~  l " ' ' x ~  

Split the complex torus in the product (C*) n = (R~_) n • (S1)": 

( z l , . . . , z ~ ) � 9  n ~-+ (]Zl] . . . .  , I Z n ] ) � 9  ~, [~[,... ,l~-~n I � 9  n. 

Note that  the inverse map (](~_)n • (s1)n __+ ( c . ) n  naturally extends to a sur- 

jection 0: R~_ • ($1) n --+ C ~ . Put  

C/ (A)  = O(I(A)  x (S1) n) C C n , Cz_~ : 0( A • (S1) n) C C n �9 

PROPOSITION 1.1: The complexification CA o f  A is a singular PL-mani fo ld  wi th  

boundary. The  singular set  o f  CA  is the union of  CA over all faces (~ C A, which 

are intersections of  A with coordinate planes o f  dimension > n - dim A + dim 6. 

The  real part  R A  o f  CA is the union o f  A with all its s y m m e t r i c  copies with 

respect to the coordinate hyperplanes. 

Proof: Straightforward. | 

Define the e x t e n d e d  m o m e n t  m a p  C#zx: (C*) n --+ CI (A)  by 

(2) C]_tA(XlYI,. . . ,Xn'Un) ~-- 0 ( ~ t A ( X l , . . . , X n )  , ( v  1 . . . .  ,0n) ) ,  

( X l , . . . , X , )  e ( ] I~)  n, ( V l , . . . , V n )  �9 ( s l )  n, 

0(~tA(X 1 . . . . .  Xn) , ( V l , . . . , V n ) )  �9 0(I(~.~)X (S1) n) • C[(/-~). 

As an easy consequence of classical results we obtain the following statement.  
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PROPOSITION 1.2: The map C#A is surjective and commutes with the complex 

conjugation Conj. It  is a diffeomorphism when dim A = n. The real part of 

CI(A) is the image of (R*)~. 

Below we use the following interaction of the extended moment map with the 

translation action of Z n in R ~ and the actions of SL(n ,  Z) in R n and (R*)~, 

A E S L ( n , Z ) , ~ E R  '~ ~ A ~ E R  n, 

A E S L ( n , Z ) ,  ~ =  ( x l , . . . , X n )  E (R*)n ~ ~A = xia,1,..., x a,n . 
- -  i = l  

PROPOSITION 1.3: Let A C R n be a polygon. I f ~  = ( a b . . . , a n )  E Z n, A E 

SL(n ,  Z), and ~ + A A  lies in the nonnegative orthant R~_, then 

(3) C#-~+Aa (-2) = (~ + A#A (~A), ~), 

where-2 = (~,~) e (R*+) n x ($1) ~. 

Proof'. The result follows from the definition 

c, +Aa (-2) = 

and the classically known relation 

/Z~+AA (X-) = a 4- A/zA(~A). 

1.3 REAL AND COMPLEX CHART OF A POLYNOMIAL. Let F E C[z l , . . . ,Zn]  
be a non-degenerate polynomial with Newton polytope A(F)  = A. The closure 

CCh(F)  C CA of the set C#A({F = 0} N (C*)n) is called the ( co m p lex )  c h a r t  

of the polynomial F. If F is real, then RCh(F)  = CCh(F) n ~ is called the 

rea l  c h a r t  of F.  

This definition is a key ingredient of the Viro construction (see [30, 25], cf. 

[29]). 

PROPOSITION 1.4: Suppose that A C (R*+) n. Then the set CCh(F)  is a PL- 

submanifold in CA of codimension 2 with boundary OCCh( F) = CATh(F)N 0CA. 

It is smooth in CI( A ), and, for any proper face 5 of A of positive dimension, 

(4) CCh(F) N C3 = CCh(F6).  

I f  F is real, then CCh(F)  is invariant with respect to Conj, and RCh(F)  is a PL- 

submanifold in ~ of codimension 1 with boundary ORCh( F) = RCh( F)NORA.  
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Remark 1.5: If A intersects with coordinate hyperplanes, then the statement of 

Proposition 1.4 holds true when substituting CA\Sing(CA) and RA\Sing(CA) 

for CA and RA, respectively, but we will not use this below. 

Proof of Proposition 1.4: (i) If dim A = n then by Proposition 1.2, CCh(F) A 
CI(A) is a smooth manifold of codimension 2. 

So, we have to consider only the behavior of CCh(F) on 0CA. 

(ii) Assume that dim A < n and A �9 SL(n,Z) is such that AA C (R~) n is 

parallel to the coordinate hyperplane in = 0. By (3) there is a diffeomorphism 

which takes the pair (CA, CCh(F(~))) onto the pair (C(AA),CCh(F(-2A))). 
Now, if inlz x = a, then A' = A - ( 0 , . . . , 0 ,  a) C {in = 0}, F(~) = z~F'(-2), 
and by formula (3) the pair (CA, CCh(F)) naturally splits into the product 

(CA',  CCh(F ' ) )  • S 1, thereby one reduces the dimension of the ambient space. 

(iii) To prove (4) (for d imA -- n), we note that any point z -~ �9 C_.Ch(F)NOCA 
is a limit of C#zx(7(t)) as t > 0, t -+ 0, where 

~(t) = (A l t  kl + o( tk l+l) , . . . ,  Ant k" + O(tk"+~)) 

is a curve lying in {F = 0} N (C*)n with A I " "  An ~ 0, (kl . . . . .  kn) �9 Zn\{0}. 

Let 5 be the maximal (proper) face of A, where the function ( i1 , - - . , in )  �9 A v-+ 

ilkl + ... + inkn achieves its minimum (equal to l). Then 

0 = F(7( t ) )  = Fh(AI , . . . ,  An)t I + O(t l+1) ==~ F~(AI , . . - ,  An) = 0, 

7(t) = (~,~) �9 (R~-) n • ($1) n, where 

( A]-'~I An ) +o(t). = ([Alltk~,..., IAnltk~) �9 (1 + O(t)), ~ = I ' ' ' "  I~nl 

Thus, one derives 

~A(Q' ( t ) )  : ( /~A(X) 'V):  ( E( i l  ..... i n ) E A ( i l ' ' ' ' ' i n ) X ~ l l  "''X~nn in ' ~ 

E( i l  ..... in )e  A X 1 . . . X n  

(~-~(il i~)Eh(il,'",in)'Al'il''"An]i~ +O(t) ) t~O ..... 
-- E( ,~  ..... ~ ) - - - - - - - -~-~- I -~ ; l~ -~- : .~ : i~ :u  ' ~ C~Lh(AI ' ' ' "An)"  

Hence CCh(F) A C5 C CCh(F ~). 
Now let (A1, . . . ,  An) �9 (c*)n, Fh(A1, . . . ,  An) = 0, where 5 is a proper face of A, 

and let ( k l , . . . ,  kn) �9 k(5), where k(5) C Zn\{0} consists of vectors (kl ... .  , kn) 
such that  5 is the maximal face of A on which the function ( i l , - . . ,  in) �9 A 

ilkl + "'" + inkn achieves its minimum. Then 

Fh(A~tk~,...,A,~t k")=t~Fh(A~ .... ,A~)=O, l=i~k~+. . .+inkn,  
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( i 1 , . - . , i n )  E 5, and there exist smooth  functions ~ l ( t )  = A1 -b O ( t ) ,  . . . ,  ~ n  : 

An + O( t )  such tha t  the curve 7(t) = ( tk lp l ( t )  . . . .  , t k ~ a n ( t ) )  lies on {F  = 0}. 

Indeed, 

F ( 7 ( t )  ) = t~ F ~ ( F l  . . . .  , ~n)  + tX+lG( t ,  ~1, . . . , ~2) = 0 

r Fh (~ I ,  . - .  , Pn)  + tG( t ,  ~1,  �9 �9 �9 ~2)  = 0, 

hence the existence of ~al , . . . ,  ~n defined for small t > 0 follows from the implicit 

function theorem and the fact tha t  F ~ -- 0 is nonsingular in (c*)n.  The above 

argument  shows tha t  

c. (A1 . . . .  , An)  = 

(iv) Assume tha t  dim A -- n. Let 5 C A be a proper face, dim 5 = s > 0, and 

-- ( y l v  ~ . . . . .  ynv  ~  E C I ( 5 ) N C C h ( F ) ,  where (Yl . . . .  ,Yn)  E I (5 ) ,  ( v~149  � 9  ~  E 

($1) n. We will describe C C h ( F )  in a neighborhood U~ of the point u in CA. 

Represent R n as R s x R n - s  and denote by prs: R n --+ ]R 8, prn_~: R n --~ 

R n-8 the natural  projections�9 According to Proposi t ion 1�9 we can assume tha t  

prn_~(5 ) is a point  (Ps+l . . . .  ,Pn) with positive integers P s + I , . . - , P n ,  and thus, 

= prs(~ ) = ~ -  ( 0 , . . . ,  0 , p s + l , . . . , p n ) ,  and A \ 5  lies in the positive orthant .  

Then  F ( z l ,  Zn ) P8+1 ~ p n ~ ( ~  1 Zn) , where �9 ' ' ,  = Z 8 + l  " ' ' ~ n  ~,~ ~ ' ' ' ,  

(5) F ( Z l , . .  Zn) F h ( z x , .  Zs) q- E A i l . . . i  z~l . ~i, 

(i1 ..... i~)EA 
~isq-1 . . .  ~in 

A = { ( i l , ' - ' , i n )  e ~ : i8+1 . . . .  , i  n > 0} ~ n  Mis+l ' " in  = ~8q-1 ~n " 

Note tha t  there are uniquely defined X~ . . . .  , x ~ > 0 such tha t  (yl  . . . .  , Ys) = 
X 0 #~(x~  . . . ,  8). The condition on ~ = (~,~) e (R~_) n x ($1) ~ = (C*) n such tha t  

CpA(~,  ~) C Uw can be expressed as follows. Clearly, for ~ - -  ( v l , . . . ,  Vn), it is 

(6) Iv1 - v ~  < [Vn - < 

where c > 0 is sufficiently small. For 5 = ( x l , . . . ,  xn), we have tha t  pT~ (~), equal 

to 

E ! X~ 1 . . . . . .  X/8" ( i l ,  , i s ,  O, . . . ,  O) "~ Z.~X~H xill . . . .  X~ ~" [M~,+I . . .~ l" ( i 1 , . . ,  in )  

�9 + v ' "  x i l  . . .  I E'x'11""x  1 

where )--~.' is taken over ( i l , . . . ,  i8) E 5 and ~-]~" over (il . . . . .  in) E A, is close 

to (Yl , - . - ,  Ys, 0 , . . . ,  0). This means tha t  in the latest expression the summands  

over A are small with respect to the sums over 5; hence prs (p~(~))  is close 
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to #~(Xl , . . . ,  Xs), which means  tha t  ( x l , . . . ,  xs) is close to ( x ~  x~ Com- 

ing back to the sums over A, we obta in  t ha t  Mi~+l...i~ must  be close to zero, 

(is+l . . . .  , in) E pr~_8(A ). So, wi thout  loss of generali ty the conditions on �9 can 

be expressed as 

i s + l . . . x / n  < ~ ,  (is+l,  . , in) EPrn_s(A). (7) I x l - x ~  l = 1  . . . . .  s, x~+ 1 .. 

Let U'  C (]R~_) ~ and U" C ($1) n be given by (7) and (6), respectively, and note 

tha t  U'  -=- p r s (U '  ) z Prn_s(U' ). Pu t  a = P rn_s (A ). Then  #a takes Prn_s(U' ) 
onto a set Uo\Oa, where [do is a neighborhood of the origin (a ver tex of a !) in 

O'. 

Since ib is non-degenerate,  we can assume tha t  

(xO, o # o. 
Oxl  . . . .  x~,O . . . .  ,0 )  = -~-~x1['~1,..., 

Hence, by (5) and the implicit  function theorem,  the hypersurface {F  = 0} can 

be described in U'  x U"  (with, possibly, smaller  ~) by equations 

(8) X l = X ~  V l = V ~  

where G and H are vanishing at  zero smooth  functions of x2 - x ~ . . . .  , xs - xs ~ 

v2 - v  ~ . . . . .  v~ - v ~ and Mi~+l...i,, (i8+1 . . . . .  in) C pr~_~(A), where x2 . . . . .  Xn, 
v2 . . . .  , v~ are a rb i t r a ry  satisfying (6) and (7). 

Now we show tha t  U~ is homeomorphie  to pr~(U I) x Uo x U" via an ex- 

tension of Ctt~.  Indeed, U~\OC.A is homeomorphic  via CpA to p r s (U ~) x 

Prn_s(U' ) x U" ~- p r s (U"  ) x (Uo\Oa) x U' .  As we saw, the points  in U~-M 0 A  

are limt__,oC#a(x(t),:V(t)) for all curves ~(t)  E U' ,  ~(t) E U',  t > 0, such tha t  

l imt - ,og( t )  e U ' ,  limt--+o(xl(t), . . . ,Xs(t))E prs (U '  ) and 

xs+l(t) = A l t  k~ + O(t  k '+ l )  . . . .  ,Xn(t) = An-st k~-~ + O(tk~-~+l) .  

Restr ic t ion (7) means,  first, t ha t  the vector  (kl . . . . .  k~_8) belongs to the cone 

generated by the interior normal  vectors  to the (s - 1)-dimensional faces of a ,  

which contain the origim and, second, t ha t  ~i8+~ i~ "1 " " A n - ~  < c for all (is+l . . . . .  in) 

C prn_~(A ) or thogonal  to (kl . . . . .  k~_~). On the o ther  hand,  the same d a t a  

de termine  a point  limt--,0 ttr ( x.~+ l ( t ) . . . .  , x~ ( t ) ) E Uo M &r. This gives a one-to- 

one correspondence between UwNOA and pr~(U ~) x (UoM&r) x U' ,  which respects  

the combinator ia l  s tructure:  the interior of a face ~, C U~- n 0 A  corresponds to 

pr~(U')  x p r ~ _ s ( I ~ )  x U '1, where ,~ = ~ / , -  (0 . . . . .  O, ps+l . . . . .  p,~). The  above 

correspondence provides a homeomorph i sm  of U~ and prs(U' ) x Uo x U' ,  since 
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close points in UwNOA come from close curves "y(t) which in turn bear close points 

in prs(U' ) x (U0 n Oh) • U". Consequently, we can introduce in U0 coordinates 

01, . . .  ,0n-8 such that  

U o = { O < O l < e ,  - e < 0 j  < e ,  j = 2 , . . . , n - s } ,  V0n00"= {01 =0},  

and Mis+l...in, ( i~+1,. . . ,  in) E Prn_ 8 (h), are continuous functions of 01 , . . . ,  0n-8, 

vanishing at zero. Thus, formulae (8) allow us to parameterize CCh(F) n Uw by 

the following subset in prs(U' ) x Uo x U": 

xa = x~ + G ', vl -_ v~ + H ', 

where G' and H' are vanishing at zero smooth functions of x 2 , . . . ,  xs, v2 , . . . ,  Vn, 

01 , . . . ,  0~_8. This subset is a subvariety of codimension 2 with a boundary on 

prs(U') • (Uo n Oh) • U". Hence CCh(F) n Uw is a subvariety of codimension 2 

in Uw with boundary on Uw n 0A. 

(v) The statement of Proposition for RCh(F)  can be proved as in the complex 

case. I 

COROLLARY 1.6: / f d i m A  = 2, A C R 2, then CCh(F) is a smooth surface with 

boundary. 

1.4 DIGRESSION: REAL RESOLUTION OF TORIC VARIETIES. Let A C (R~_) n 

be an n-dimensional polytope, F be a non-degenerate polynomial with Newton 

polytope A. Denote by Tore(A) the toric variety over C defined by A, and by 

Z(F)  the (closed) hypersurface in Tore(A) defined by F.  

PROPOSITION 1.7: There is an equivariant surjective map v: CA -~ Torc(A) 

such that 

�9 u(CCh(F)) = Z(F) ,  

�9 /][CI(A) takes CI(A) diffeomorphically to (c*)n C Torc(A),  

�9 for any face 6, dim6 --- s < n, the map vlci(~) is a submersion of CI(~) 

onto (C*) s c Torc(6) C Torc(A).  

Proof.." Let us represent Tore(A) as the closure of the variety 

{(z~ 1 . . . .  i~)(i,, ..,in)eAnZn : (Zl . . . .  ,Zn) e (C*) n} C CP N-1 

where N = # ( A  N Z n) (see, for example, [12]). We define "lCl(~) -- (C#z~) -1, 

which is a required diffeomorphism of CI(A) and (C*) n C Tore(A),  and extend 
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it to 0CA. Namely, given a face 5 C A and a point ~ = C#6(2) E CI(5), 

-5 = (za . . . .  ,Zn) E (C*) n, we put u(~)  = (ai,...i.)(il ..... in)eAnZ", where 

all ...i n z~ 1 in . . . .  z n , (il . . . .  , in) E 5, ai,...i. = O, ( i l , . . . , i n )  E A\5.  

Clearly, ulc1(~) satisfies the required property. It  remains only to explain that  u 

is continuous. Indeed, in the previous notation N = timt_~r C#A(7(t)) ,  where 

~/(t) = (Zlt kl + O ( t k ' - l ) , . . . , Z n t  k" + O( tk"- l ) ) ,  t > O, 

is a curve in (C*) n with ( kx , . . . ,  kn)  E Z n \ { 0 }  belonging to the dual cone of 

with respect to A. Then one can easily check that  l i m t _ ~  "y(t) E CP N-1 is just  

u(~)  defined as above. I 

1.5 GLUING OF CHARTS. Let S be a subdivision of a polytope A C R n into 

equidimensional polytopes: A = A1 U . . .  U A N (i.e., Ai M Aj is empty or a 

common proper face), and let .4 = {A 7, ~ E A M Z n} be a collection of complex 

numbers such that  A T ~ 0 if ~ is a vertex of some Ai, 1 < i < N. Further on, 

speaking on subdivisions of polytopes and corresponding collections of numbers, 

we always assume the above properties. 

Assume that  the polynomials 

Fk(Z l '  "" " 'Zn)  = E Ai ' " ' inz~ '  . . .  z ni,,, k = 1 , . . . , g ,  
(il ..... i~)EAk 

are non-degenerate. The union of the complex charts of the polynomials 

F1 . . . .  ,FN 
N 

COb(S, A) = U CCh(Fk) 
k=l 

is called a C - h y p e r s u r f a c e  in CA. The union of the real charts of F1 . . . .  , FN 

N 

RCh($,  A)  = U RCh(Fk)  
k=l 

is called a C - h y p e r s u r f a e e  in RA. 

PROPOSITION 1.8: Let A C (R~) n. Then C C h ( S , A )  is a PL-manifold ofcodi- 

mension 2 in CA with boundary OCCh(S, ,4) = OCA M eCh(S, A). I f  all 

the numbers in A are reM, then CCh(S, ,4)  is invariant with respect to Conj, 

the set RCh(S,  A)  is a PL-manifold of codimension 1 in RA  with boundary 

ORCh($, A)  = O~X n RCh($,  A).  
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Remark 1.9: (a) Neither CCh(S, .A), nor RCh(S, ~4) are smooth in general. 

Indeed, for the polynomials 

Fl(x,y) = x ( y -  x - 1 ) ,  F2(x,y) = x y - x  + l 

with the Newton triangles 

A1 = [(1,0), (1, 1), (2, 0)], A2 -- [(0, 0), (1, 0), (1, 1)] 

the closures of curves 

x§ } 
~ 1 ( ( F 1  = 0})  = 2 + 2 x '  ~ 4 - ~ J  : x > 0 , 

{ 2 x -  1 x -  1 0} = = ) : #A2({F2 

have the common limit point (1, 1/2) on the edge [(1, 0), (1, 1)], and different 

tangent lines 
1 1 

y = ~ ,  y = x  2 
at this point. 

(b) Similarly to Proposition 1.4, the statement of Proposition 1.8 holds for 

A intersecting coordinate hyperplanes, when substituting CA\Sing(CA) and 

~ \ S i n g ( C A )  for CA and RA, respectively. 

Proof of Proposition 1.8: In view of Proposition 1.4, we have to study only the 

behavior of CCh($, A) of faces 5 c Ak N At, k ~ I, dim5 = s > 0. 

Let 1(5) C I(A),  5 = A1 ~ --. N Ak, 5 q~ Ak+l U --- U AN. Pick a point 

w E CI(5) ~ CCh(S, A). Following the proof of Proposition 1.4, we impose as- 

sumptions of step (iv) and obtain that a neighborhood Uw of w in CA is the union 

of neighborhoods Uw,1,..., Uw,k ofw in CA1 , . . . ,  CAk, respectively, so that U~,m 

is parameterized by prs(U~m) x Uo,rn x V", where prs(U~) . . . . .  prs(V~), 

U" is common for all m = 1 , . . . ,  k, and Uo,m is a neighborhood of the point 

prn_ s (5) = (P~+I,. -. ,  P,~) in Prn_ s (Am), and, moreover, these parameterizations 

are compatible on the common faces of A1 , . . . ,  Ak. In turn, CCh(S, A) N Uw,m 
is parameterized by 

s n 

II  (Ix~- xO, < ~ • yore • II  (Iv~- vOl < ~, 
j=2  j=2  

and by (4) these parameterizations are compatible along common faces of 

A1 . . . .  , Ak. Hence CCh(S, A) fl Uw =Um CCh(S, A) N Uo,m is parameterized 
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by 
s k n 

]-I{l J - < x U Uo,  • - < c}, 
j = 2  m----1 j = 2  

which is homeomorphic to a (2n - 2)-ball. 

Similarly, one treats the case 5 C 0A and the real case. | 

Definition 1.10: A homeomorphism of (resp., an isotopy in) CA is called t a m e  

if for any face 5 of A the restriction of this homeomorphism (resp., isotopy) to 

CA is a homeomorphism of (resp., an isotopy in) CA. In addition, we call such 

objects e q u i v a r i a n t  if they commute with Conj. 

Remark 1.11: For given A and S, and different A,A':  A O Z ~ -+ C, the C- 

hypersurfaces CCh(S, A) and CCh(S, A') are tame isotopic in CA (not equiv- 

ariantly, in general). Indeed, one can connect ,4 and M' by a family .At, t E [0, 1] 

such that  the polynomials Fk,t are non-degenerate for all k -- 1 , . . . ,  N,  t E [0, 1]. 

1.6 PROJECTIVIZATION OF CHARTS. Let d and n be positive integers. Denote 

by T~ the simplex in R n with vertices (0, 0 . . . .  ,0), (d, 0 . . . . .  0), ..., (0 . . . .  ,0, d). 

Observe that  CT~ is homeomorphic to a closed ball in C n. The group S 1 = 

{[v[ = 1} acts freely on OCT 2 by 

V �9 S 1, ( z  1 . . . .  , Zn) �9 OCT 2 ~-~ (Zl v . . . . .  ZnV ) �9 OCT 2 

PROPOSITION 1.12: The quotient CT~ /S  1 is equivariantly homeomorphic to 
the projective space CP ~ so that the faces of T~ naturally correspond to the 

coordinate planes in CP ~ . 

Proof." The extended moment  map C#T 3 takes C n diffeomorphically onto 

Int(CT~).  Its inverse extends up to a surjective map v~: CT~ --+ CP n in 

the following way. Consider a point (0, z~ , . . . , zn )  r CPn\C ~, the line 7(t) = 

(zlt . . . . .  Znt) C C n, t r (0, oc), and limt_+ccCPT2(7(t)). Then we have 

limt~oo CPT~ (7(0)  = C#~(Zl , . . . ,  Zn), where 

5= { E i a = d } O  N {ik=O} 
zk#0 zk=0 

is a face of T~. Put  v~(Cps(Zl . . . . .  zn) = (0, Zl . . . . .  Zn) C CP ~. One can easily 

verify that  v~ is well-defined, surjective, continuous, commutes with Conj, sends 

orbits of the Sl-act ion on 0CT~ into the points of the hyperplane {z0 -- 0} in 

CP  ~, and establishes a one-to-one correspondence between the faces of T~ and 

the coordinate planes in CP n. | 
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Remark 1.13: Further on we always assume CT~/S 1 to be identified with CP n 

via the map v~. 

Definition 1.14: In the notation of section 1.5, given a subdivision T~ = 

A1 U- . -  • AN and a collection of complex numbers A = {A~ : 7 E T~ A zn},  

define a C-hypersurface of  degree d in C P  ~ as 

PCCh(S, A) = ,~(CCh(S, A)) C CP n. 

If the numbers A = {A~ : ~ E T~ N Z n} are real, the C-hypersurface is called 

rea l  and its real part v~(RCh(S, ,4)) is denoted by PRCh(8, .A). 

PROPOSITION 1.15: If F is a non-degenerate polynomial of degree d in n vari- 

ables, then the set PCCh(F) C CP n coincides with the projective closure 

P { F  = 0} of the a/~ne hypersurface {F = 0}. 

Proof'. Straightforward from v~(CCh(F)) = P{F  -- 0} and the fact that 

CCh(F) N O(CT~) is invariant with respect to the Sl-action. | 

Definition 1.16: A homeomorphism of (resp., an isotopy in) CP n is called t a m e  

if its restriction to any coordinate plane is a homeomorphism of (resp., an isotopy 

in) that  plane. In addition, we call such objects eq u iv a r i an t  if they commute 

with Conj. 

PROPOSITION 1.17: In the previous notation, PCCh(S, .4) is a PL-submanifold 

of codimension 2 in CP n . It is invariant with respect to Conj if all the numbers 

in .4 are real. 

Proof'. First, we show that  the C-hypersurface CCh(S, A) is a PL-manifold in 

CT~ of codimension 2 with boundary 

OCCh(S, ,4) = CCh(S, ,4) n OCT~ ~ , 

and if all the numbers in A are real CCh($, A) is invariant with respect to Conj, 

and Fix(Conj) = RCh($, A) is a PL-manifold in RT~ of codimension 1 with 

boundary 

ORCh(8, ,4) = RCh($, A) A ORT~. 

By Proposition 1.8 it is enough to consider only the union of charts along the 

coordinate hyperplanes. For any polytope A C R n, put At = ( t , . . . , t )  + A, 

t_>0. 
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The family C#ak, ,, 0 < t < 1, connects C#A~ with (2PAk.,, k = 1 , . . . , N ,  

and defines an isotopy of CI(C#Ak.,(Fk = 0)), the closure of C#Ak,t(Fk = 0), 
0 < t _< 1, which degenerates into CCh(Fk), k = 1 . . . . .  N. The same holds for 

any proper face 5 of A 1 , . . . ,  AN and the corresponding truncation of F1 . . . . .  FN. 
N Since Sing(12Ak,]) = 0, k = 1 , . . . , N ,  the set 3dl  = Uk=]CCh(z~ . . . z ,  Fk) 

is a PL-manifold with boundary on 0C/~2, according to Proposition 1.4 (where 

:F~ = (1 , . . . ,  1) + T2). Denote some faces of T~ as follows: 

T2(k) = T2  Cl {in = 1}, 

Put  5 = T~(k). By (3) 

(9) 

N 2(kj). 
j = l  

~ CT~ ~-1 x S 1. 

Similarly, by (3) -/~1 A C~ is a PL-manifold of dimension 2n - 3 with boundary 

on 0CA, satisfying 

N 

_ 

where the product structure is compatible with that in (9). Using the product 

representations (9) and (10), we define 

Dn(k) = {(wl . . . . .  wn) : (wl .... ,Wk-l,wk+l . . . . .  Wn) e CT2 -1, Iwkl <_ 1} 

~ CT2 -1 x D 2, 

where D 2 is the closed 2-dimensional unit ball, and inside Dn(k) the (2n - 2)- 

dimensional manifold M(k): 

N 

{(Wl,.-.,Wn): (Wl, . . . ,Wk-I , I ,  Wk+I,...,Wn) E U l~h(Zl *"ZnFl~),lWkl~ 1} 
/=1 

N 

l= l  

with boundary on ODn(k) and such that  M(k)rl C~ = u N i  eCh(zl . . ,  z~F~). 
Similarly, given ~i = :F~(kl , . . . ,  ks), we have, by (3), 

N 
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and one defines 

D n ( k , , . . . , k s )  = { ( w , , . . . , w n )  : (w j ) j#k ,  ..... k, ~ CT2 -~,  Iw~,l,-.-,Iwk, I ___ 1} 
= CT~ - s  x (D2) s, 

and the (2n - 2)-dimensional manifold M ( k l , . . . ,  ks): 

N 
{ ( w l , . . . ,  wn) : (wj)jCk, ..... k, e U CCh(zl... z,,F2), Iwk, I,..., I~k,I <- 1} 

/----1 
N 0 = .. x (D2) s 

with boundary on ODn(kl  . . . .  , ks) and such that  

N 
M(k,,..., ks) n C_Z = U cCh(z,.., znFh. 

/-----1 

n 
I t  can easily be shown that  T1 = CT 2 U Us=l Ul_<k,<...<k, Dn( kl, ' ' ' ,  ks) is 

the convex hull of CT~ in C n, and M1 U UsL1 Ul<kl(,..<ks M ( k l  . . . .  , ks) is a 

PL-manifold in ~ of codimension 2 with boundary on 0T1. 

Now, for any t E (0, 1), in the same way one constructs similar objects: 

�9 complexifications of polytope 

N 
CAk,t = Cl(C"Ak, t((c*)n)) ,  CT2(t)  : U CAk,t' 

k=l 

N �9 union of charts .Mr = Uk=t CI(CpAk,t({Fk = 0})), which is a PL-manifold 

of codimension 2 in CT~ (t) with boundary on OCT~ (t), 

�9 completion of CT2 (t) up to its convex hull 

Tt = c r 2 ( t )  U 0 U D r ( k l ' " " k s ) '  
s=l l_<kl<...(ks 

where 

l (  n--8 D ~ ( k l , . . . , k s ) =  W l , . . . , W n )  : (Wj)j#k,  ..... k, e C T ~  , 

Iwk~[ . . . .  , Iwk~l <_ t }  TM CT2 -s  • (D2(t))  s, 

D2(t)  is a disc of radius t, 
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�9 a (2n - 2)-dimensional manifold 

Mr(k1 . . . . .  ks) = {(w, . . . . .  Wn) : 

N 

..... �9 = o } ) ) ,  t }  
/=1 

N 

=" ( U CI(C.~, ({F~ = 0}))) x (D2(t))% 
" / = 1  

�9 a PL-manifold 

(11) A'4t u O U Mr(k1 . . . . .  ks) 
s= l  l_<kl <...<ks 

of codimension 2 in Tt with boundary on 0Tt. 

If t varies from 1 to 0, Tt contracts from T1 to CT~ and the manifold (11) 

naturally contracts into the C-hypersurface CCh(S, `4) with boundary on OCT". 

To complete the proof of Proposition 1.17 we have to verify only that  

OCCh(,_q, .4) is invariant with respect to the SLact ion on OCT,, and the quotient 

CCh(S, .4)/S 1 is a closed manifold. 

First, note that  OCCh(S, .4) is invariant with respect to the SLaction.  Indeed, 

OCCh($, .4) consists of charts of homogeneous polynomials which are invariant 

with respect to the Sl-act ion on 0CT~. Second, for any edge of T~ there exists 

a combination of an automorphism of Z n and shifts which puts this edge on a 

coordinate axis and the adjacent faces of T~ on the corresponding coordinate 

planes. Since such a transformation is compatible with ~ defined via the ex- 

tended moment  map, the question on the behavior of CCh(S, .4) on OCT~ is 

reduced to that  on coordinate planes, which has been treated above. | 

Remark 1.18: Similarly to Remark 1.11, two C-hypersurfaces in C P  n of the 

same degree and with the same subdivision S of T~ ~ are tame isotopic in CP n 
(not equivariantly, in general). 

2. T o p o l o g y  of  c o m p l e x  C - h y p e r s u r f a c e s  

2.1 COMPLEX VERSION OF THE VIRO THEOREM. 

THEOREM 2.1 (Affine complex Viro theorem, see [30]): In the notation of section 
1.5, if A C (•,+ )n and a subdivision S: A = A 1 U . - . U A N  is defined by a convex 
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piecewise-linear function v: T~ -+ R, then CCh(S,  A) is tame isotopic in CA 

(equivariantly, i f  all the numbers in .4 are real) to CACh(F), where 

F(Zl,  Zn,t) = E Ai, " t v(i' ..... in)~.i, ~i,, 
(i~ ..... i~)~A 

and t = c o n s t  > 0 is sufficiently small. 

Proof" Without loss of generality one can suppose that  dim A = n, and v is posi- 

tive integral-valued at integral points. Consider the polynomial F(Zl,  �9 �9 zn, t) -- 

( l + t ) F ( z l , . . . ,  zn, t) as a polynomial in t, x l , . . . ,  Xn, and denote by/X its Newton 

polytope in R n+l . The graph of v is the "lower" part  of 0/k, naturally projected 

onto A C R n = {in+l = 0} C R n+l.  Denote by ~'k the part  of the graph of 

projected onto Ak, k ---- 1 , . . . ,  N.  Denote by B the part  of A projected onto 0A. 

Clearly, B can be viewed as 0A x [0, 1]. 

S T E P  1: Introduce the set 

H0 = { (w,  . . . .  : ( Iwl l , - . - , Iwnl )  e A}  
N 

= U x ( s , )  n c ocA, 
k = l  

and the family of hypersurfaces Ha = CI(C#A({t  = a})) C C/k, a E (O,e). We 

will show that  the family Ha, a E [0, ~), is an isotopy in C/~. 

The map C#h  takes {t = a} C (C*) n+l diffeomorphically into CI(/X). 

Considering lim,-~o #A(7(T)) for all curves 

O, 

with A I , . . . ,  An > O, ( k l , . . . ,  kn) # O, one can show (as in the proof of Proposition 

1.4) that  Ha being the closure of C #s  = a}) is a PL-manifold with boundary 

OHa = Ha A B, which projects onto 0A. Moreover, Ha A Hb = O, a # b. The 

projection on the first n coordinates provides a homeomorphism of Ha, a > O, 

and CA. Indeed, in CI (A)  this fact is reduced to the claim that  

i ,  . . xin, av ( i ,  ..... i , ) . ( i l ,  . , i n )  
R* )n ~ ( i ,  ..... in)e~Xl " "" ( x l , . . . , x n )  ( + I (A)  

il . .  Xin av( i l , . . . , in )  
E ( i I  ..... i n ) e  i Xl �9 

is a homeomorphism, which holds since the above map is a kind of the moment  

map [1, 2]. Similarly one shows that  the projection is one-to-one on OHa C B, 

taking into account that  the limit of PA on a face of B is the moment  map of 
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this face. To finish the proof one should note that  Ua>o Ha fill the intersection 

of CI(A)  with the space Im(Wn+l) = 0, where Wl , . . . ,  wn+l are coordinates in 

(C*) C?,. 

STEP 2: Now we show that  CCh(/~) N Ha, a E [0, e), is an isotopy in CA. For 

e > 0 small enough, {/~ = 0} M {t -- a} = {F = 0} M {t = a} and the intersection 

is transverse in (C*)n+l. This implies that  the family CCh(F)  N Ha, a E (0, e), 

is an isotopy in CA. 

Now we pick a point ~ . . . .  (yrv ~ ,ynV~ �9 H0 N CCh(/?), where 

(Y l , . . . ,Yn)  �9 1(6) for some s-dimensional face of A 1 , . . . , A N ,  and yn+l = 

yn), ( v ~  v ~ . . . . .  , n) �9 ($1) n. Following the proof of Proposition 1.4 and 
using transformations 

(Xl . . . .  , X n ,  t )  e-~ t ' 1  X ( k ' l , . . . , t  ' n  X(~ " n , t  

k=l  k=l  

with A = (c~kj) �9 SL(n,  Z), we can get 5 to be parallel to the coordinate s-plane 

{il . . . . .  0}, ul~ = u0, and UlA\~ > u0. Then we introduce a parameterization 

of a neighborhood U~ of the point N in C/X Cl{Im(w~+l) = 0} by pr s (g')  x Uo x U" 

via an extension of the map C#s such that, in the notation of the proof of 

Proposition 1.4, prs(U' ) is given by the first s inequalities in (7), U" is given 

by (6), and U0 is a neighborhood of the point prn_~+l((f ) in pr,~_~+l(ZX ). Here 
* n - - s + l  Int(Uo) is identified with the domain prn_~+l(U' ) C (N+) , given in the 

coordinates xs+l . . . .  , x~, t by the relations 

i~+i ...Xin~ti~+ ~ < e, (is+l, , in+l) �9 prn_s+l(Zk\A), ~is+l ,--- , in, in+l  ~ XS-F1 " " " 

and CCh(F)MInt (U~) is parameterized in pr~ (V') x Int (U0) • V" by equations (8), 

where G and H are vanishing at zero smooth functions of x 2 , . . . ,  x , ,  V l , . . .  ,vn 

and Mi,+, ..... i~,i,+~, ( i~+l , . . . , in+l )  �9 p r~_s+l (h \A)M Z n-*+l. 

Denote A = d • prn_s+l(A ). Clearly, A and A coincide in a neighborhood 
of ~.  Moreover, the maps C#& and Cp~ are connected by an isotopy on the 

domain pr~(U') • Int(U0) • U": such an isotopy can be written explicitly by 

supplying the non-common summands in the formulae for C#s and Cp~ by 

a parameter running over [0, 1]. This isotopy extends up to equivariant tame 

isotopy on pr,(U t) • U0 • U", so that  replacing Cps by Cp7 ,, one replaces U~ 

by another neighborhood U,~ of ~ in CA M {Im(wn+l)}. Note that  the map C#7 , 

splits on prs(U ~) • U0 • U" into the product of 

#~: pr~(U') -+ ~, PPrn_,+l(/~) --+ prn_~+l(/X ), Id: U" -~ U". 
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Together with the result of Step 1 this allows us to introduce in Uo coordinates 

t, 01, .- . ,  O~_~ so that 

Uo -- {0 _< t < s, - s < 0 j < c } ,  UoMO(prn_s+l(s 

and C#~(Ha) = prs(U' ) x {t = a} x U". In addition, Ppr~_~+~(s expresses 

Mi~+~ ..... i~,i~+~, (i~+1 . . . .  ,in+l) E pr~_s+l(/~\A)M Z n-s+1, as continuous func- 

tions of t, 0~ . . . . .  On-s, vanishing at zero. Hence the closure of C#?,({F = 0}) in 

Uw is given by equations 

(12) x 1 - -  X~ -~- G ' ,  v 1 - -  Vl 0 + H',  

where G t and H ~ are vanishing at zero smooth functions of x2 , . . . ,  xs, v2 , . . . ,  Vn, 
t, 01 . . . .  ,0n-8- The variety (12) intersects any hypersurface prs(U ~) x {t = a} x 

U", a E [0,e), transversally in pr~(U') x U0 x U" ~- U~ -~ Uw, thereby proving 

that CCh(F)  N Ha, a C [0, ~), is an isotopy in CA. 

STEP 3: For a r 0, the projection of CCh(F) M Ha into CA is the closure of 
the image of {F = 0} M {t = a) C (C*)n+l by the map 

(13) 
~'~(~1 ..... i~)c A( i lv l ' ' ' ' ' i~v~)"  ( xill ""x~'~ ~(~1 ..... i,~,k)Chak) 

= 

E ( i l  ..... in)C A (X~ 1 " ' "  X~n n E ( i l  ..... in,k)C~ ak )  

The map CpA,a is connected with C#A on {t = a} ~-- (C*)n by the isotopy 

(14) 

(ilvl , . . . , inVn)" (Xil 1"" "Xin n (~-~"(il ..... in,k)Cs ak( 1 -- T)+  ~')) E( I in)C A 

providing a tame isotopy of the projection of CCh(F)  M Ha with CCh(F[t=a ) C 
CA. Similarly, the projection of CCh(F)  M C/~k M {Im(w~+l) = 0} into CAk, 

1 < k < N, is the closure of the image of {F s = 0} N {t = 1} by the map C#s 
which coincides with the closure of the image of {Fk = 0} by the map C#Ak, i.e., 

CCh (F~). 

So, Theorem 2.1 is proven in the complex case. If all the numbers in ,4 are 

real, then the isotopy constructed is equivariant. I 

THEOREM 2.2 (Projective complex Viro theorem, see [30]): Let, in the nota- 
tion of Theorem 2.1, A = T~ and the subdivision S be defined by a convex 
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piecewise-linear function v: T~ -+ ~. Then PCCh( S, M) is tame isotopic in CP ~ 

(equivariantly, if  all the numbers in .4 are real) to PCCh(F) ,  where 

F ( Z l ,  . . . . . .  ' Z n ' t )  : E n i l " " i n t v ( i l  ..... i~)z~l " " ~n~i~ = O, 
i~+...+i~ <_d 

and t = const > 0 is sufficiently small. 

Proof." We multiply all the polynomials by z l . . . z ~  and apply Theorem 2.1 to 

the simplex T~ -- T~ + (1 , . . . ,  1) and correspondingly shifted S, .4. Then we note 
N that  the isotopy of CCh(zx . . .  znF) and Uk=l C C h ( z l . . .  z~Fk) in CT~ is tame 

and compatible with the action of ($1) n on 0C-s This allows us to take the 

quotient by this action as was done in the proof of Proposition 1.17 and obtain 

the required isotopy. | 

PROPOSITION 2.3: Let two subdivisions S = {Ak, k = 1 . . . . .  N} and S'  = 

{Akt, l =  1 , . . . ,  rk, k ---- 1 , . . . ,  N} o fa  polytope A C (R*+) ~ satisfy 

rk 

A~ = U Akt, k = l . . . .  , N,  
/=1 

so that the subdivision S'  is given by piecewise-linear function L,: A -~ R, whose 

restrictions vk = ~[ak'  k = 1 , . . . ,  N,  are convex. Then the varieties C C h ( S , A )  

and CCh( S ' ,  A')  are tame isotopic, provided ,4, A': A --+ C define non-degenerate 

polynomials Fk, Fkl, l ---- 1 , . . . ,  rk, k -- 1 , . . . ,  N.  Similarly, given two subdivisions 

$, S '  of T~ satisfying the previous assumptions, the C-hypersurfaces of degree d 

constructed out of S, A and $' ,  ,4' are tame isotopic in CP '~ . 

Proo~ Consider the case A C (R?~) ~. Fix a > 0. Let the maps CpAk,a: (C*) ~ --+ 

CAk, k = 1 , . . . ,  N,  be defined by (13), where summations run over Ak and /~k, 

constructed as in the proof of Theorem 2.1 by means of vk. Put  

Fk'a : E A~1""~'1' ~i~ . .. z~,~a~(~i ..... ~,~)~ k -- 1, . .  ., N. 
(il ..... in)EAk 

As shown in the proof of Theorem 2.1, the closure CCha(Fk,a) of 

CpAk,a({Fk,a = 0}) in CAk is tame isotopic to UtCCh(Fkt) .  Moreover, for 

any face 5 = Ak n Aj,  the isotopies in CAk and CAt coincide on CA. Then, for 

each k = 1 , . . . , N ,  we connect C#~k, a with CpA~ by an isotopy (14), thereby 

obtaining the required isotopy of CCh($,  A)  and CCh($' ,  A').  

The same argument proves the s tatement  for A -- T~. | 
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A subdivision A = A 1 U . . .  U AN is called m a x i m a l  if it cannot be refined. 

In this case all the integral points in A are vertices of A I , . . . ,  AN, and these 

polytopes are simplices. 

COROLLARY 2.4: Given a polytope A C (R*+ ) n, any C-hypersurface in CA is 

tame isotopic to a C-hypersurface constructed out of a maximal subdivision of 
A. The same is true for C-hypersurfaces in CP ~. 

Proof: Let A = At  U .--  U AN, and f :  A --+ R be a smooth convex function. 

Define a piecewise-tinear function v: A -+ ]R as follows: put ~(~) = f ( i ) ,  i C 

AMZ n, then define the graph of ~'IA~ to be the "lower" par t  of the convex hull of 

{(7, g(~) : ~ E Ak}. The function v defines a maximal subdivision of A inscribed 

into the initial subdivision and satisfying the conditions of Proposition 2.3, which 

completes the proof. I 

COROLLARY 2.5: Any C-curve in CP 2 is tame isotopic (not equivariantly, in 
general) to an algebraic curve of the same degree. 

Proof: By Corollary 2.4 we can assume that  a C-curve in C P  2 is constructed 

out of a maximal triangulation of T 2. We will transform any given triangulation 

into a convex triangulation, so that  in each transformation step the conditions 

of Proposition 2.3 hold true. 

Let S be a triangulation of T 2, O(S) denote the star of the origin O with 

respect to this triangulation, and outside O(S) the triangulation S is maximal. 

We construct a triangulation S '  of T~ such that  O(S') D O(8)  and O(S t) r O(S). 
Then, in finitely many steps we come to O(S) = T~, which corresponds to a 

convex triangulation, and the required statement will follow from Theorem 2.2 

and Proposition 2.3. 

Let O, P 1 , . . . ,  Pr be all the vertices of O(S) numbered successively clockwise 

along 0 0 ( $ ) .  Any segment [Pi, P~+I] either lies on OT 2, or is an edge of a unique 

triangle Ti C S, T~ ~ O(S). 

(i) Assume that,  for some i = 1 . . . . .  r, the vertex Q r Pi, Pi+t of Ti lies 

between the straight lines(OPi) and (OPi+~), and Q ~ (OPi) u (OPi+I) (see 

Figure 2a). Then we change the subdivision of T~ as shown in Figure 2b,c. These 

changes satisfy the conditions of Proposition 2.3 and lead to a triangulation with 

a strongly greater star of O. 
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Pi Q ~ i+l 
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e, O ~ i+l 
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Pi ~i+2 
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Q 

f) g) 

Pi-I 

Q ~ P i +  I 

0 

Pi-I ~i+l 
h) i) 

Figure 2. Transformation of a triangulation. 
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(ii) Assume that,  for some i -- 1 , . . . ,  r -  1, Ti = Ti+l, i.e., the vertices of the 

latest triangle are P~, Pi+l, Pi+2 (see Figure 2d). Then we perform the transfor- 

mation shown in Figure 2e, once again increasing the star of O. 

(iii) Assume that there are no triangles T~ as in (i), (ii). Then any triangle T~ 

is either "left", i.e., the vertex Q lies on (OPi) or above (OPi), or "right", i.e., 

Q lies on (OPi+l) or below (OPi+l). If there exist "left" triangles, consider the 

"left" triangle Ti with the minimal i. If i = 1, we have the situation shown in 

Figure 2f. Then we change triangulation as shown in Figure 2g, increasing the 

star of O. If i > 1, then the triangle Ti- 1 must be "right", which means that  we 

have a situation shown in Figure 2h. Then we change triangulation as shown in 

Figure 2i, increasing the star of O. | 

:2.2 BASIC PROPERTIES OF C-HYPERSURFACES. The real part of a real C- 

hypersurface M in CP n (see Definition 1.14) is denoted by RM. 

PROPOSITION 2.6: A complex C-hypersurface M of degree d in CP n is an ori- 

eatable manifold, homologous to an algebraic hypersurface of degree d in CP n . 

I f  M is real its real part R M  is a closed manifold, rood 2 homologous to the real 

point set of a real algebraic hypersurface of degree d in RP n . 

Proof: The Jacobian of the moment map # A :  (R~_) n ~ Int(A), tt/x(~) = 

(#(~)(~), . . . ,  #(n)(~)), is positive. Hence the Jacobian of the extended moment 

map C/t/x: (C*)n _+ CI(A) is positive in the coordinates 

Zl  Zn 
X l  = ]Zl], Vl  = T ~ I ~ ' ' ' ' '  x n  = ]zn]' vn  IZn] ' 

because this is a diffeomorphism, and at a point with vl . . . . .  vn = 1 one can 

easily compute 

( D(C#/X) ] D(_tt/x) ] n 
det \D(xl , -~l , : :~,Xn,  vn)] = d e t ( D ( X l  . . . .  ,Xn)] " H "(AJ)(Xl' . . . ,Xn)  > O. 

j = l  

This means, in particular, that C#~ canonically defines an orientation of im- 

ages of complex subvarieties of (C*)~. Therefore, the open subset 

N 

U (CCh(Fk) N CI(Ak)) 
k = l  

of CCh(S,  ,4) is canonically orientable. So, to complete the proof of orientability, 

one should verify that these orientations are compatible when gluing the charts 



Vol. 133, 2 0 0 3  TOPOLOGY OF COMBINATORIAL HYPERSURFACES 215 

CCh(Fk), CCh(Fj) with Ak M Aj  = 5 being a common facet (the gluing along 

faces of lower dimensions does not affect the orientation). In other words, the 

orientations of CCh(F2) = CCh(F~) induced by CCh(Fk) and CCh(Fj) are 

opposite. 

Without loss of generality suppose that  6 is contained in a hyperplane il = 

a > 0, Ak C {il _< a}, and Aj C {i~ _> a}. Then by construction, CAk induces 

on C5 an orientation defined by the form 

-dv l  A dx2 A dv2 A .. �9 A dxn A dvn, 

and CAj induces on C5 the opposite orientation defined by 

dVl A dx2 A dv2 A .. �9 A dxn A dvn. 

On the other hand, a coorienting 2-vector bundle on CCh(Fk) M CI(Ak) can 

continuously be extended to a coorienting 2-bundle on CCh(FSk) c CI(5), and 

the same for Aj. Indeed, let the complex straight line A 

z2 . . . . .  z .  = x v ,  z l = x 0 = c o n s t ,  x � 9  oc), ] v [ = l ,  

with small zo > 0 meet the hypersurfaces {Fk = 0}, {F2 = O} transversally. 

Then the family of surfaces Ex, )~ �9 [0, 1], 

E . . . .  (__il,i2v ..,inV) } (iL ..... i~)~z~kx '++*nX~o 1A~-*L- ," : x � 9  I v l - - 1  
| ~'~ ,~,i2+'"+in~,. il ~a--ii 

is a diffeotopy, connecting E0 = C#~(A), which coorients CCh(F~) in CI(5), and 

E1 = C#A~ (A), which coorients CCh(Fk) in CI(Ak).  

Comparing this with the previous remark on orientations of C5, one completes 

the proof of the orientability of a complex C-hypersurface. 

At last, [CCh(S,A)] �9 H2n_2(CP n) and [RCh(S,A)] �9 Hn_I(RPn,Z/2)  can 

easily be computed by induction considering the intersection of the complex and 

real charts with the coordinate planes. I 

PROPOSITION 2.7: Any (real) C-hypersurface M is (equivariantly) tame isotopic 
to a close smooth manifold Msm of codimension 2 in CP n . 

Proos Let M = CCh(S ,A) /S  1, where 

S = { A 1 , . . . , A N } ,  A = { A T :  7 � 9  2 n Z ' } .  
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Put  Fm -- ~ Teh~  A7 ~-7, m = 1 , . . . , N .  We construct two nonvanishing R- 

linearly independent sections ~ and ~ of the bundle TCP n [U(M)' where U(M) is 

a neighborhood of M in CP n, such that  ~ is equivariant, ~ is anti-equivariant, 

and the 2-subbundle Span~{~,~ t} c TCPnIM is transverse to TCCh(Fm) in 

TCPn tCCh(F~) for any m = 1 , . . . ,  N. This will imply the existence of a smooth 

2(n-1)-manifold M~,n isotopic (equivariantly, if Conj (M) = M) to M, close to M 

and transverse to the 2-bundle SpanR{~, ~}. Namely, one smoothes M, pushing 
N it along the trajectories of the vector field ~ in a neighborhood of Um=l OCAm" 

(i) First, we shift T~ into :F~ = (1 , . . . ,  1) + T~ (shifting respectively S , ,4  

as well), and construct sections ~ and ~ of TC n defined in a neighborhood of 

CCh(S, .A), with the above properties and an additional one: invariance with 

respect to the Sl-action on 0CT~. The latter allows us to obtain the required 

sections of TCP ~ along the procedure described in the proof of Proposition 1.17. 

(ii) Fix m = 1 , . . . ,  N and consider the hypersurface Fm(~) - Fm(eZ~,.. �9 , e zn) 

= 0 in C n . Define vector fields Ss and ~ on C n by 

Conj(grad/ m) = Conj(gradFm)x/:-I 
= [Conj(gradFm)[' IConj(grad- m)v/ l" 

They do not vanish along {/~m = 0} and span a 2-bundle orthogonal to 

T{/~m = 0} in TCni{~m=0 }. These vector fields are 2zrv/-Zl-periodic in each 

coordinate z l , . . . ,  Zn, and their normalized images ~ and ~ by the differential 

D(C#A.~ o exp) of the map C#~.~ o exp: C ~ --4 CA,~ give a 2-bundle SpanR{~, ~} 

on CI(Am) MCCh(F,~) transverse to the tangent bundle T(CI(Am) MCCh(Fm)). 
N A We will show that these vector fields continuously extend to Um=I(0C m) M 

U(M). 

(iii) Let 5 be a face of Am, ~ be a point in CCh(Fm) N CI(5), and U~- C CAm 

be a neighborhood of ~ as introduced in step (iv) of the proof of Proposition 1.4. 

We claim that,  for any point ~ E C n such that  C#A(e ~) C UwNCI(Am), one has 

D(C#~ m o exp)~- D(C#6 o exp)a I 
(15) 

IID(CpA~ o exp)~-II - IlD(C#a o exp)~l[ ] < ce, 

and 

(16) grad(Fro o exp) grad(F~m o exp) (~) 

Igrad(Fm o exp) I (2) - [grad(F~m o exp) I < cr 

where ~ E C n is some point, satisfying C#~(exp(~))  = ~,  and c > 0 depends 

only on the coefficients of F and on the point u  
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(iv) To show (15), note that  C#A~ o exp splits into # ~  o exp: R n -+ /(Am) 
and exp: R n ~ ~ (S1) n. Inequality (15) for the differential of exp: R n ~ --+ 
($1) n instead of CPAm o exp immediately follows from (6). Then, acting by a 

transformation from SL(n, Z) and a shift, we move Am, 5 into Am, 5 such that 

lies in a coordinate s-plane. According to (7), 

]e (7'Re~) - e(7'Re~)[ < c1~, 7 E ~ N Z  ~, e (~'Re~) < ClC, ~ �9 (~m\~)  NZ n, 

where cl > 0 depends only on Am, thereby this implies (15), since D(#X. ~ o exp) 

is represented by the matrix 

( ~ E " ~ ,  ipiqe(i'Re~) " ~Te~,  e(~'Re~) -- ~TE~, ipe(i'Re-2) " ~TE~miqe(i'Re=~) ) 

(~EA,~ e(7'Re~))2 

p, q = 1 . . . .  , n, and D(#~ o exp) does not vanish. 

(v) Similarly, Fm(e ~) = e (7o,s) ~--~Ts/, ATe(LS), where by (6) and (7) 

I e(7,~) - e(7'~)l < c2s, 7 E 5 n Z n, [e (~'~) ] < C2S, ~ E (A\5)  n Z n, 

where f2 > 0 depends on Am. So, we obtain 

grad(Fm~176 e(L-~)+ E A~e(L-~)) ' 
ic~ 7~A\5 

which immediately implies (16), since ~-~Te~ AT~e (7'~) = grad(FSm o exp)(~) r 0. 

(vi) Relations (15) and (16) provide continuous extension of the vector fields 

and ~' on UNm=I(OCAm) n U(M) so that they remain R-linearly independent 
and belong to TCI(5) along CI(5) for any proper face 5 of Am, m = 1 , . . . ,  N. 

Moreover, the restrictions of~ and ~' on CI(5) depend only on 5 and FSm, common 

for all Am D 5, hence they are compatible with SLaction on 0CT~, and we are 

done. I 

PROPOSITION 2.8: Given a (real) C-hypersurface M, the tangent bundle to its 
smoothing Msm is (equivariantly) isotopic to a (equivariant) bundle of complex 
hyperplanes. In particular, Msm possesses an (equivariant) almost complex struc- 
ture. If  M is real, the above isotopy has fixed intersection with TRP n ]Msm (equal 
to TRMsm). Furthermore, the complex structure in CP n can be (equivariantly) 
deformed into an almost complex structure, compatible with the metric and for 
which T Msm is invariant. 

Proof: We construct the required isotopy in few steps. 
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STEP 1: In the proof of Proposition 2.7 we have constructed sections ~, g of 

the bundle TCP n IMam' which are linearly independent at any point E 6 Msm 
and such that the 2-bundle Span~{~,g} is transversal to TMsm. Suppose that  

CP n is equipped with a Hermitian metric compatible with the complex structure 

and the complex conjugation. Then there exists a (linear) isotopy of the bundle 

TM~m into the (2n - 2)-bundle (Span~{s, s'}) • 

STEP 2: Assume that M = PCCh($ ,A ) ,  where S is a subdivision T~ = 

A1 U --- U AN. Via the map ~,~: CT~ --+ CP  ~ we pull back ~ and g to sec- 

tions of the bundle TCT~ restricted to (~'~)-l(Msm) (which will be denoted by 

Msm for abuse of notations), as well as pull back the complex structure J and 

the Hermitian metric. Note also that TCT~ ~ CT~ x C ~ possesses the standard 

complex structure being just the multiplication by x/'L-1. 

All this data on CT~ is invariant with respect to the SLact ion on 0CT~, as 

well as the procedures used further; hence the isotopies we construct in TCT~ 

can be pushed to TCP n. 

The following lemma implies that there exists an isotopy of the bundle 

(SpanR{~,Y}) • into the bundle (Span~{~, ~v/-L-T}) • 

LEMMA 2.9: In the above notation, for any ~ E M~m, no vector (1 - A)g(~) + 

A~x/%-T, 0 < A < 1, is R-proportional to -~(~). 

Proof: Let ~ E CAm, 1 _< m _< N. We have 

~(~) = D ~ a m ( b  ), g ( ~ )  = D ~ a m ( b x / ' - ~ ) ,  

where C#Am: C ~ -+ C ~ is defined by 

(17) Cn = Rn �9 1~ v / :  i log ~_~eId R~ �9 R~ X/Z/= C ~, 

log jam = ( log#l ,A,~, . . . , logp~,A~),  # a n  = (# l ,Am, ' ' ' , P~ , a~ ) ,  

and b is a nonzero vector on C ~ . 

Assume that 

(18) t~a(~) = (1 - A)g(~) + Aa(~) x/'L-1 

for some ~ E R, A e (0, 1) and ~ E CI(Am).  Splitting b into b~ + b~vZ~ with 

b~, bi E R n, we obtain in view of (17) 

a(~) = D(log #/,= )(b~) + bi xfl L--~, 

a(w)/=-~ = - ~  + D(log , a ~ ) ( a . ) / - z L  

g (E) = - D (log #a  ,~ ) (b~) + b. v/L-i -. 
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Suppose that  n = 0. Setting the expressions for ~(N)v/-Z-f and ~'(~) into 

(18) we get that  the operator D(logpAm) has a negative eigenvalue, which is 

impossible. Indeed, the matrix of D(log #A,~ ) is a product of 

( ) A = ~-~-7~ ipiq e(i'~)" ~-]~TEA e(i'2) -- (~-:~iEA ipe(i"~))(~TeA Zq e(~ x)) 

( ~ ,  e(~,~) )~ 

and 

B = diag ( ~ 7 ~ A  ive(L~)~ . 

Here both A and B are positive definite, for instance, 

(Ab, b) = ~-]~7,~CAm e(L~)e(;'~)(~-]~:l(ip -- jp)bp) 2 

(~e~m e(~'~)) 2 
> 0, 

hence A B  rotates any vector by an angle < 7r, so cannot have negative eigen- 

values. 

Suppose that ~ ~ 0. Plugging the above expressions for ~(~), ~(~)xfl21 and 

~ ( ~ )  into (18), we obtain that the operator 

(A - A2)Id + (1 - 2A + 2A 2 + ~;2)D(log #Am) + (~ -- A2)D(logpAm) 2 

vanishes at br ~ 0. Both the roots of the polynomial 

~(X)  -- A -  A 2 + (1 - 2A + 2A 2 +,~2)X + ( A -  A2)X 2 

are negative; hence D(log #z~m ) should have a negative eigenvalue in contrary to 

the previous argument, and we are done. 

The same argument proves the required statement when ~ E OCAm in view 

of (15) and (16). II 

STEP 3: Now we claim that there exists an isotopy of the bundle 

(SpanR{~, ~x/~-l}) • into the bundle (SpanR{~, J~})• which is a bundle of com- 

plex hyperplanes. We use the fact that,  for any ~ E CT~ ~ and A E (0, 1), no 

vector A~(~)v/-L-T + (1 - A)J~(u is R-proportional to ~(~), which follows from 

Lemma 2.9 applied to the case A m = T~. 

STEP 4: If M is real, then the initial 2-bundle SpanR{~, ~} and all the construc- 

tions are Conj-invariant; hence the isotopies and the resulting bundle of complex 

hyperplanes are equivariant. To satisfy the condition that the isotopy has fixed 

intersection with T N P  n IMp,, equal to T R M s m ,  in the very beginning we choose a 
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hermitian metric on CP n, compatible with the complex structure and such that  

the vector field 8]RM, m C T ~  :)n is orthogonal to TRMsm. 

STEP 5: Let us extend the above constructed isotopy to a neighborhood U of 

Msm- Take a smooth function p: CP n -+ [0, 1] (equivariant in the real case), 

which is 0 in C P ~ \ U  and 1 on Msm. We have three (2n - 2)-bundles on U: 

L (~ : (Span{~, ~'})z, 5 (1/2) -- (Span{R, Rx/%-1}) • 5 (1) = (Span{R, JR}) • 

Let L (t) be an isotopy of L (~ to L(1) via L (1/2). By constructions in Steps 2 and 

3, there exist families of isometries 

1 Qx(L(x)) = L 0 / 2 ) ,  Q1/2 = Id, Q~: TCP~[u --+ T c p n [ u  , 0 < A < -~, 

1 
R~: TCpn]u --+ T c p n ] u  , ~ < A < 1, Rx(L (h)) = L (1), R1 = Id. 

Then we define a deformation Jr, t E [0, 1], of the complex structure J = Jo by 

1 
Jt = Rl- tp(~)J(Rl- tp(~))  -1, tp(~) <_ ~, 

1 
Jt = QI-tp(~)Ru2J(QI-tp(~)R1/2) -1, tp(~) > -~. | 

2.3 ALGEBRAIC COVERING. Introduce the map IIm: CP ~ ~ CP ~, [zo : -. .  : zn] 

: . . . :  z2] .  

PROPOSITION 2.10: For any C-hypersurface M of degree d in CP n there exists 

a number mo > 0 such that for any integer m > mo the preimage IIm 1 (M) of M 

is a PL-manifold tame isotopic to a smooth algebraic hypersurface of degree md 
in CP n . 

Proof: Suppose that M is defined by polynomials F i (Z l , . . . ,  zn), i = 1 . . . .  , N,  

with Newton polytopes A t , . . . ,  AN, where A1U-- -t3AN = T~. The polynomials 

= . . ,  ~rn Fi (Z l , . . . , z~ )  Fi(z?,  , .~ ), i =  l , . . . , N ,  

have the Newton polytopes mAi,  i = 1 , . . . ,  N,  and define a C-hypersurface M 

of degree rod. 

LEMMA 2.11: The manifold M is tame isotopic in CP  n to H~I(M).  

Proof'. Let A C R n be a polytope of dimension n. Let us show that  the 

diffeomorphism p a H m l ~ :  I (mA)  -4 I(A),  where Hm: (R+) n --4 (R+) n acts as 
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( X l , . . .  , Xn) v-+ (X~ z . . . .  , x'~), extends to a homeomorphism ~: mA --4 A such 

that,  for any proper face a C A, the map ~lmo: m e  --4 a is a homeomorphism 

depending only on a (and not on A). Indeed, since IIm commutes with SL(n ,  Z) 

acting on (P~+)n, we can replace A by its image under some g �9 SL(n ,  Z) such 

that  the given face a will lie on the coordinate hyperplane {il = 0, i2 . . . . . in  ~ 0}. 

Then pt(A) and #mr(A) extend by the formulas similar to (1) to homeomorphisms 

of (R+)nU{Xl = O, x2".. . .x~ # 0} and I ( t (A))UX(t(a))  and I (m t (A ) )UI (mt (a ) ) ,  

respectively. This gives us a homeomorphism I (mA)  U I (ma)  --~ I (A)  U I (a) ,  

which does not depend on the choice of t, and we are done. 

Consider now the following commutative diagram: 

Ii<k<N C~trnAk C~$ 
[ IKk<N(C*) ~ �9 CTnd ~, c p n  

HI<k<N(C.)n H1<k<Ne"ak , CT 2 Cu> CP n 

H fC* ~n where Ul<k<g~ J means the disjoint union of N copies of (C*) ~. The map 

~m is defined on any CAk as follows: 

(X 1 . . . . .  Xn) E A k v-+ ~ A k l ' I m l t m l ~ k ( X l , . . . , X n )  E A k ,  

V rn ( V l , ' ' ' ' V n )  �9 (S1)  n ~-+ (v~n, " ' ' ,  n ) �9 (S1)  n, 

-1 with #AklIm#mAk extended on the whole Ak. This definition is correct since 

the extensions coming from Ak and Aj with a common face are the same on 

the common face, as shown above. The map Hm is defined by this diagram. 

Let us show that  Hm is tame isotopic to IIm. First, II,~(x0v0,...,XnVn) -- 

( x ~ v ~ , . . . ,  xmv~)  is tame isotopic to 7dm(XoVo . . . .  , x~vn) -- (XoV~ . . . . .  xnv~) .  

On the other hand, the homeomorphism 

- - 1  . n 

l<k<N 

in the definition of ~,~ is tame isotopic to the homothety, turning ~m into 

~tm(XlVl  . . . . .  XnVn) • ~ ( X l V r ~ , . . . , x n v m ) ,  

' = C p o  ' and completing the proof of Lemma 2.11, since r m ~rn o (Cp) -1,  and 

~;~l(CCh(fk))  = CVh(Fk(z~ ,  . . . , z ~ ) ) .  , 
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LEMMA 2.12: There exists mo such that, for any m >_ mo, the subdivision 

T~nd = r e a l  U . . . U m A N  admits  a convex refinement. 

Proof: Let F be the graph of a smooth convex function of n variables, say 

f ( i l  . . . . .  in) = i 2 + " "  + i 2, and let pr: F --+ ]R n be the projection. Denote 

by skn-l(A) the (n - 1)-skeleton of the subdivision A1 t2 . . .  t2 A N. Clearly, 

p r - l ( skn- l (A))  lies on the boundary of its convex hull. The same is true for 

(19) pr-1 (skn-l(A) n 1Zn~ 
m /" 

If m is big enough, one can define a required refinement by the piecewise-linear 

convex function whose graph is the lower part of the boundary of the convex hull 

of the set (19). | 

Now to finish the proof of Proposition 2.10 it remains to apply Theorem 2.2 

and Proposition 2.3. | 

Denote by x(X) the Euler characteristic of X, by sign(X) the signature of X 

if X is a manifold whose dimension is divisible by 4, and by X~ (resp., sign~, if n 

is odd) the Euler characteristic (resp., the signature) of a nonsingular algebraic 

hypersurface of degree d in C.P n . 

Here are several corollaries of Proposition 2.10. 

COROLLARY 2.13: A n y  C-hypersurface M o f  degree d in C P  ~ satisfies 

x(M) = ~ ,  sign(M) = sign~. 

Proo~ (i) The equality x(M) = X~ follows immediately by induction from 

Proposition 2.10 and the behavior of the Euler characteristic under ramified 

coverings. 
(ii) Suppose that n is odd and consider a nonsingular algebraic hypersurface M / 

of degree d in C P  n. Let m0 be as in Proposition 2.10. Take any prime number 

p > m0. Note that M I = I Ip l (M ~) C C P  n is an algebraic hypersurface of 

degree pd tameisotopic to M =H~ -1 (M). The deck transformation group of the 

coverings Hp: M --+ M and Hp: M '  ~ M '  is G ~_ (Z /p)  n. According to [17], 

1 - -  1 . 
(20) sign(M) = ~ ~ sign(g, M), sign(M') = ~ ~ sign(g, M').  

g E G  ' ' g E G  

For g = Id E G, we have sign(g, M) = sign(M) = sign(M') = sign(g, M') .  

Pick g r Id. The twisted signatures sign(g, M) and sign(g, M ~) depend on the 

embedding of Fix(g) in M and M ~, respectively, and the action of g in the tangent 
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and normal bundles of Y = Fix(g) C M and Y' = Fix(g) C M'  (see Theorem 

6.12 [3]). We do not compute the twisted signatures along Theorem 6.12 [3], 

but use Hirzebruch's formula for the signature of ramified coverings. Namely, let 

(g) C G be the cyclic group of order p generated by g. According to [16], 

p - 1  

P" sign(M/(9)) = E sign(9i' M) 
i=0 

is a universal function ofp  and the signatures of self-intersections Y o Y ,  Y o Y o Y ,  

. . . .  Note that Y = Fix(g) C M and Y'  = Fix(g) C M' are the intersections of 

M and M',  respectively, with the same collection of coordinate planes. Hence, 

due to the tame isotopy of M and M' ,  one has sign(Y o Y) = sign(Y' o Y'), 

sign(Y o Y o Y) = sign(Y' o Y'  o Y') ,  and so on. Therefore for any g E G we have 

p - 1  p--1 

E sign(g/' M) = Z sign(gi' M') '  
i=0 i=0 

which immediately implies the required equality of the right hand sides in (20), 

since G ~ -  (Z/p)  n can be decomposed in the union of cyclic subgroups such that 

the only intersection of any two of these subgroups is Id C G. | 

COROLLARY 2.14: Let M be a C-hypersurface of degree d in C.P n. Then 

�9 M is simply connected i f n  > 2, 

�9 7r l (CPn\M) = Z / d Z  i f n  7_ 2. 

Proof: (i) To show that M is simply connected for n > 2, note that  an algebraic 

hypersurface of dimension greater than 1 is simply connected. Let m > m0 be 

as in Proposition 2.10. Consider a loop 7 in M. We can move it slightly so that 

it does not meet the coordinate hyperplanes in CP n. Since Hml(M) is simply 

connected, ~7~ n" [~] is contractible in M. Similarly, (m + 1) n .  [0/] is contractible 

in M, and we are done, because m n and (m + 1) n are coprime. 

(ii) Since an affine nonsingular algebraic hypersurface in C n+l , n > 2, is sim- 

ply connected, the previous argument shows that ~/I\CP n C C n+l is simply 

connected, where 2~/ is a C-hypersurface in CP n+l and CP n is a coordinate 

hyperplane in CP n+l. 

Let a C-hypersurface M of degree d in CP n be defined by a subdivision S: T~ -- 

A1 O . . .  U AN and collection of numbers A: T~ N ~/n ~ C. Embed T~ into T~ +1 

as the face T~ +1 A {in+l = 0}, take the subdivision ,~: T~ +1 = A1 O- . -  O ~ N  

with Ak being the cone over A k with the vertex (0 , . . . ,  0, d), k = 1 . . . . .  N, and 
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define A: T~ +1 n Z  n+l --+ C by Ai~...i~o = Ai~...i~, Ao...Od = --1, Ai~...~i~+~ = 0 if 

0 < in+l < d. These data define non-degenerate polynomials Fk(Zl , . . . ,  Zn+l) = 
Fk ( z l , . . . ,  Zn) -- zd+l with Newton polytopes 7~k, k = 1 , . . . ,  N, whose charts 

can be glued into a C-hypersurface M of degree d in CP ~+1. The required 

isomorphism 7rl(CP n \ M )  = Z/dZ  is a corollary of the following statement. 

LEMMA 2.15: There is a Z/dZ-covering M\{z~+l  = 0} --+ c p n \ M .  

Proofi We construct a Z/dZ-covering 

~: C C h ( S ,  ,A)\{Wnq-1 = 0} "'} { ~  \ ~ C h ( S ,  ,,4) 

and then show that  it commutes with the s l -act ion on OC_~h($, A)\{Z,+l  = 0) 

and 0CT~ \CCh(S,  A),  thereby defining the required covering. 

Let (Wl, . . . ,Wn,W~+l) �9 CCh(,S, 2) ,  Wn+l r O. Then (Wl . . . .  ,w+l)  �9 CI(5), 
where 5 is a cone over a face ~ of Ak, 1 < k < N, with the vertex at (0 , . . . ,  0, d). 

Hence (Wl , . . . ,w~+l)  = C#~(zl , . . . ,Zn+l)  for some (Zl , . . . ,Z~+l)  �9 (C*) n+l. 

So, we define 

f f~(Wl, . . . ,Wn-bl)  = C#5(Zl  . . . .  , zn ). 

The map �9 is well defined. If ~ = A1, . . . ,  /kN, then C#~ and C#5 are 

diffeomorphisms. If ~ lies in an (n - 1)-plane all1 + . ' .  + c~nin -~ ~, in+l = O, 
then ~ lies in an n plane a l i l  + "'" + O~nin q- 3 i , / d  = 3" This means that  

(C#~-)-~(Wl, �9 �9 ., Wn+~) contains the family (z~t ~ , . . .  , zn t~" , ~+lJ,'3/d ~ t �9 R+,* but 

C#~ takes the family (zlt ~ . . . .  , znt~"), t �9 R~_, to one point. 

The map �9 is continuous. If, for some k = 1 , . . . ,  N and a curve ~(t) �9 (c*)n+I: 

(/~1 tkl -~- O(tkl+l) , . . . ,  )~n tkn -~- O(tkn+l), )~n+l tkn+' -~- O(tkn+~+l)), t > O, 

one has limt-~o C.#7, ~ (~(t)) = C ~ ' ( , ' ~ 1 , . . . , / ~ n ,  ,'~n+l), then limt-~o CpA~ (7(t)) = 

Cp5(/~1, �9 �9 �9 , An), where 

v ( t ) =  (Alt k~ +O(tk~+l) , . . . ,Ant  kn +O(tkn+l)) �9 (C*) n, t > O .  

The map �9 is surjective. Indeed, if (wl , . . . ,Wn)  �9 CT~\CCh(S ,A) ,  then 

( w l , . . . ,  Wn) = C#~(Zl , . . . ,  Zn) for a face 5 of Ak (1 < k < N),  where ( z l , . . . ,  zn) 

�9 (C*) n, F~k(zl,. . . ,  z~) r O. Then there exists Zn+l ~ 0 such that  F~(z l , . . . ,  Zn) 
-- Zdn+l," hence Ctt~(zl, �9 �9 Zn,Zn+l) belongs to C, Ch(F~)\  {Wn+l = 0} and 

ff~(C~(Z1 . . . . .  Zn, Zn+l) )  = (Wl . . . . .  Wn). 

The map �9 is a Z/dZ-covering. Indeed, for any point 

(Wl . . . .  , Wn) e C T ~ \ C C h ( S ,  A )  
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its preimage r  W n )  consists of d distinct points (w~, . . .  ,w~, W~n+lW) 

with some fixed w~ , . . . ,  w~+ l ~  and any d-th root of unity w. 

At last, note that  if O(w~,..  ~ ~ ., �9 , W n ,  Wn+I) = (Wl,-  �9 W n )  , then 

�9 (w~v,.  ~ �9 . ,  W n V ,  W n + l V  ) : ( W l  v . . . .  , W n V )  

for arbi trary v E S 1, which completes the proof. | 

PROPOSITION 2.16: Let M C CP n be a C-hypersurface and M' C CP n a non- 

singular algebraic hypersurface, both of degree d. Then H, (M) and H, (M') are 

isomorphic as graded groups. 

Proof: Take m0 as in Proposition 2.10. Select m > m0 in such a way that  m 

is coprime with all the orders of elements in TorsH, (M) ,  and consider Mm = 

I I~ I (M) .  Pick a homology class a E Hi(M). Note that  tuna belongs to the 

image of (IIm),:  Hi(Mm) --+ Hi(M). For an odd i different from n - 1, we have 

H,i(Mm) = 0 and, hence, Hi(M) = 0. In particular, H, (M)  has no torsion. Any 

group Hi(M) with even i (0 < i < 2n - 2) contains a nontrivial element: the 

fundamental class of the intersection of M with coordinate hyperplanes taken in 

appropriate number. Thus, Hi(M) is isomorphic to H~(Mm) "~ Z if i is even 

and different from n - I. The fact that  the groups H,~_I(M) and H~_I(M ~) are 

isomorphic follows now from the equality ,k(M) = x ( M  ~) proven in Corollary 

2.13. | 

PROPOSITION 2.17: Let n be a positive odd number, M a C-hypersurface of 

degree d in CP n and M' a nonsingular algebraic hypersurface of degree d in CP n . 

Then the lattices (Hn-I(M),  BM) and (Hn-I(M') ,  BM') (where BM: H n - , ( M )  • 

Hn- I (M)  -+ Z and BM,: Hn- I (M' )  • Hn-I (M' )  --+ Z are the intersection forms 

on M and M ~, respectively) are isomorphic. 

Proof: The lattices Hn-1 (M) and Hn-1 (M')  are unimodular and have the same 

rank and signature (Corollary 2.13). I t  remains to show that  these two lattices 

have the same parity, since for d = 1 we have Hn-I (M)  ~- Hn-I (M' )  ~- Z, and 

for d _> 2 the lattice Hn_I(M ~) is indefinite. Let us show, first, that  the lattices 

H~_I(M) and Hn_I(M) have the same parity, where M = Hml(M),  mo is as in 

Proposition 2.10 and m > m0 is odd. 

(i) If a 2 is odd, a C H~-I (M) ,  t h e n  ( ( I Im) !a )  2 = m2no~ 2 is odd as well. 

(ii) I f /3  2 is odd, /3 C Hn_I (M) ,  then 7 2 is odd, where "~ = ~gEGg*/3, and 

G = (Z/m) n is the deck transformation group of H,, .  Furthermore, 7 = (II,~)~a 

for certain a E H,,_I(M), and a2 is odd. 
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Similarly, the lattices H n - I ( M ' )  and H n _ I ( M ' ) ,  where M '  = H - l t M  ''~ have 

the same parity. Since M and M ~ are isotopic in C P  ~ , we obtain that  the lattices 

H n - I ( M )  and H n - I ( M  I) have the same parity. I 

COROLLARY 2.18: A C-surface o f  degree d in C P  3 is homeomorphic  to a noI1- 

singular algebraic surface of  degree d in C P  3 . 

Proo~ Note that  a C-surface of degree d in CP  3 is simply connected (see 2.13), 

smoothable (see Proposition 2.7) and has the same intersection form as a non- 

singular algebraic surface of degree d in C P  3 (see 2.17). I t  remains to apply 

Freedman's  theorem (see, for example, [11]). I 

2.4 R A M I F I E D  D O U B L E  C O V E R I N G S .  

PROPOSITION 2.19: Let  M be a C-hypersurface o f  even degree d in C P  n . Then 

there exists  a closed s imply  connected 2n-dimensional  PL-mani fo ld  Y and a m a p  

H: Y --+ C P  n which is a double covering ramified along M .  

Proo~ The existence of a ramified double covering II: Y --+ C P  n with Y being 

a PL-manifold follows generically from the fact that  [M] E H2n_2(CP n) is an 

even class. However, we prefer to give an explicit construction of Y. 

Namely, we repeat the construction of step (ii) in the proof of Corollary 

2.14, taking the simplex Tn+l R n+l d.2 C with vertices (0 . . . .  ,0), (d, 0 . . . .  ,0) . . . .  , 

(0, . . . .  ,0, d, 0), (0 . . . .  ,0, 2) instead of T2 +1. So, T2 embeds into Tn+ld,2 as the 

face T n + l  ~2~ 1 U " "  U A N  is defined as the "d,2 A {in+l = 0}, the subdivision Tn+l  " d , 2  

cone over the subdivision T2 = As U . . .  U AN with the vertex at ( 0 , . . . ,  0, 2), 

and .A: Tn+l A 7/~ n+l --+ C is defined by Ail...ino = Ail...i,~, Ail . . . inl  = O, ~d,2  

.4o...o2 = - 1 .  These data  define a PL-manifold CCh(,.~,.A) with boundary 
. . . .  ,qff-,ff, n +  1 O C C h ( S , A )  = C C h ( S , A ) A  " ~ d , 2  ' which is the union of the charts of the 

polynomials lWk(zl Zn, Zn+l)  = Fk(Zl,  zn) - z 2 k = 1, . .  , N ,  and, as �9 �9 �9 ~ " �9 �9 ~ n + l ~  " 

in the proof of Lemma 2.15, there exists a double covering g;: CCh(S,  A) --+ CT~ 

ramified along CCh(S,  A). 
~Q ~'~T,n + 1 Now note that  S 1 acts on ~ d , 2  by 

�9  . . . .  OCT n + l V e S 1, ( W l , -  Wn,  W n + l )  C OCT~n+21 e--> ( W l V  , WnV' Wn+ lvd /2)  �9 d,2 " 

The manifold OCCh($ ,  ,4) is invariant with respect to this action, because it is 

defined by quasi-homogeneous polynomials f ( z l  . . . .  , Zn+l) satisfying 

f ( Z 1 T  . . . .  , ZnT, Zn+l Tall2) • T d f ( z l  . . . . .  Z n + l ) ,  
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which is compatible with the Sl-action. By the same reason 

( I ) (WlV, . . . ,WnV ,wn+l  vd/2) ~- ( W l V , . . .  , e n d ) ,  V E S 1, 

! 
aS far as ~ ( W l , . . . , W n , W n + l )  = ( W l l , . . . , w m ) ,  (W 1 . . . . .  Wn-kl ) E O C C h ( S , A ) .  

Hence q) reduces to a double covering H: Y --+ C P  ~, where Y = C C h ( S , A ) / S  1, 

ramified along M. It remains to show that Y is a closed PL-manifold. Indeed, 

for any edge of ~rn+l there exists a combination of an automorphism of Z n+l, ~d,2 
leaving the (n + 1)-st axis fixed, and shifts which puts this edge on a coordinate 

axis and the adjacent faces of T n d,~ on the corresponding coordinate planes. One 

can easily verify that  the orbits of the Sl-aetion on that edge and adjacent faces 

contract into points, whose neighborhoods in Y are homeomorphic to 1R 2n as 

shown in the proof of Proposition 1.17. 

At last, we show that zh(Y) = 0. Any loop in C P  n through a point ~ E M 

lifts to a loop on Y through N, because ~ is covered in Y by itself only. Since 

any loop in CP ~ is contractible, so does its lifting in Y. | 

PROPOSITION 2.20: Let  n and d be positive even numbers,  M be a C-hyper- 

surface o f  degree d in C P  n , and Y be a double covering o f  C P  ~ ramified along 

M.  Then 

:~(Y) = X~,2, sign(Y) = sign~,2, H . ( Y )  ~ H . ( Y ' ) ,  

and the lattices Hn(Y) and Hn(Y~),  equipped with the intersection forms, are 

isomorphic, where Y~ is the double covering of  C P  ~ ramified along a nonsingular 

algebraic hypersurface o f  degree d, and X~,2 and sign~, 2 are, respectively, the 

Euler characteristic and the signature o f  Y L  

Proof." The equalities k(Y) = ~(yt)  and sign(Y) = sign(Y ~) follow immediately 

from the additivity of the Euler characteristic, the Hirzebrueh formula for the 

signature of ramified coverings and Corollary 2.13. The isomorphism H , ( Y )  ~- 

H,(Y' ) ,  by [9], reduces to H2i-I(Y) = O, i = 1 , . . . , n ,  H2i (Y)  = Z, i = O , . . . , n ,  

i 5s n /2 ,  H n ( Y )  "~ •", r = r k H n ( Y ' ) .  It can be proven as Proposition 2.16, 

using a ramified covering of Y similar to that constructed in Proposition 2.10. 

The same ramified covering, applied as in the proof of Proposition 2.17, gives a 

lattice isomorphism H ,  (Y) -- H~ (Y'). | 

PROPOSITION 2.21: Let  n and d be posit ive even numbers  and M be a real C L 

hypersurface o f  degree d in C P  n . Then R P  n = ~ +  U ~JVI_. where ~ r  and 
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RM_ are compact manifolds with boundary such that 

0 R M +  = 0 R M _  = R M +  n ~ _  = R M .  

The ramified double covering 1-[: Y -+ CP n admits an action of the group 

Z / 2 Z  • Z /2Z  = {Id, ~', Conj+, Conj_ }, where T is the deck transformation of 

H and Yi o Conj+ = rI o Conj_ -- Conj o H. In addition, 

Fix(T) = M, RY• de_f Fix(Conj• = II - I ( ]RM• 

Proof: In the framework of the construction in the proof of Proposition 2.19, we 

define RCh(S,A)+ (resp., RCh(S ,A)_ )  as the union of the closures of 

C#Ak({F k ~ 0} ("l (R*) n) (resp., C#A~({Fk ~_ 0} A (R*)n)), k = 1 , . . . , N .  The 

action of S 1 on OCT2 reduces to the action of S o = {• on 0]RT2 which pre- 

serves RCh(S, A)+ and RCh(S, A ) - ,  thus defining RM+ = RCh(S, A ) •  ~ 

The involutions 

(Wl,...,Wn,Wn+I) ~ (Wl,...,Wn,--Wn+I), 

(Wl,.-.,Wn, Wn+l) ~ Conj(wl,...  ,wn,wn+l), 

(wi,..-,Wn, Wn+l) ~ Conj(wl,. . . ,Wn,-Wn+i) 

on the double covering CCh(S,  .4) of CT~ ramified along CCh(S, A) induce the 

involutions v, Conj+ and Conj_, respectively, on Y. | 

Now we have to make a digression on the topology of smooth (not necessarily 

algebraic) hypersurfaces in R P  n. Following V. Kharlamov [21] and O. Viro [35], 

we define a r a n k  of a connected smooth hypersurface in R P  n to be the maximal 

integer r such that  the homomorphism induced in r-dimensional homology with 

Z / 2 Z  coefficients by the inclusion of the hypersurface into the projective space 

is nontrivial. It  is easy to see that  the intersection of a hypersurface of rank r 

in R P  n with a transversal projective subspace P of dimension k _> n - r is a 

hypersurface of rank r - n + k in P.  Similarly, we define a r a n k  of a connected 

component of the complement of a hypersurface in R P  ~. Clearly, the rank of a 

connected component C of the complement of a two-sided hypersurface (i.e., a 

hypersurface dividing its tubular neighborhood) is greater than or equal to the 

rank of each component of the boundary OC. 

A component C of the complement of a two-sided hypersurface is called 

p r i n c i p a l  if the rank of C is greater than the rank of each component of OC. 
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PROPOSITION 2.22: Let S be a two-sided hypersurface in ~ p n .  Then there 

exists at most  one principal component of  R P  ~ ". S. 

Proo~ Suppose that  R P  n \ S has two principal components C1 and C2. Let r l  

(resp., r2) be the maximal rank of a connected component of 0C1 (resp., 0C2). 

Assume that  r l  < r2. Consider a projective subspace P of ]RP n transversal to S 

and of dimension n - r l .  Each connected component of P N OC1 is of rank 0 

in P and divides P into two parts. One of these parts has rank 0 in P,  and 

is called the i n t e r i o r  of the component. Denote by C the unique component 

of P \ 0C1 which is not contained in the interior of any component of P N 0C1. 

Note that  P N C1 should have a connected component of positive rank. Therefore 

C C PNC1.  I t  implies that  PAC2 is contained in the interior of some component 

of P n OCb and thus should have rank 0. | 

Clearly, the real parts of a real algebraic hypersurface of even degree d and 

of a real C-hypersurface of even degree d are two-sided in R P  n. Switching if 

necessary RM+ and R~A//_, we suppose from now on that  RM_ contains the 

principal component of IRP" \ RM, if this principal component does exist. 

Denote by def(lRM) the dimension of the intersection of the kernel of ~-~ 

w: H . ( ~ V / _ , R M ; Z / 2 Z )  --+ H . ( R M _ , R M ; Z / 2 Z ) ,  defined by a F-+ (r ~-~ ~v, 

where w is (d/2)-times the generator of HI(RP '* ;Z /2Z) ,  with the kernel of the 

boundary homomorphism H.  (~A//_, ]RM; Z /2Z)  ~ H .  (RM; Z/2Z) .  We call this 

dimension def(l~A4) the d e f e c t  of ~U~//. For any manifold X denote by b . (X )  

the total  Betti number dimz/2z H . ( X ;  Z /2Z)  of X. 

PROPOSITION 2.23: Let n be a positive even number, and M a real C-hyper- 

surface of  even degree d in CP n . Then b,(RY+) = b,(~VI)  and b,(RY_ ) = 

b, (~Y/) + 2. def(RM). 

Proof'. The statement can be easily derived from the Smith exact sequence (see, 

for example, [4, 38]) applied to the deck transformation of RY+ (as is done in [26], 

[20] and [7] in the case of real algebraic hypersurfaces). | 

Remark  2.24: Note that  if n and d are even, then ~[pn \ ~ should have a 

principal component. Indeed, if ]~j:~n \ ]~d~/f does not have a principal compo- 

nent, one has b,(RY+) = b,(RM) and b,(RY_)  = b,(RM),  and thus X(]RY+) =. 

~(RI~L) rood 4. The last congruence is impossible, because x (RY•  = 2x(RM• 

and x ( R M + ) +  k(FA/ /_)=  t ( ~ j ~ n ) =  1. 
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3. T o p o l o g y  of  rea l  C - h y p e r s u r f a c e s  

3.1 GENERALIZED HARNACK INEQUALITIES. Let M ~ be a nonsingular algebraic 

hypersurface of degree d in CP n. Denote by b~ the total Betti number b, (M')  = 

d imz /2zH, (M' ;  Z/2Z)  of M' .  One has (see, for example, [6]) 

b~ = ( d -  1)n+ld- (--1)n+l + d +  ( -1)  n+l. 

THEOREM 3.1: For a real C-hypersurface M of degree d in CP n, one has 

(21) b,(RM) = b~ - 2a(RM), 

where a(RM) is a nonnegative integer. Furthermore, i f  n and d are both even, 

b,(RY_) = b~, 2 - 2 a ( ~ l )  + 2(def(~A//) - 1) < b n - -  d , 2 ,  

(23) b,(RY+) = 52, 2 - 2a(~A//) - 2, 

where Y is the double covering of CP n ramified along M,  RY+ are the fixed 

point sets of two liftings Conj• to Y of the complex conjugation Conj in CP n , 

and b n is the total Bett i  number of the double covering of CP n ramified along d,2 

a nonsingular hypersurface of degree d. 

Proof: The statement follows from the Smith-Floyd inequality 

(24) dimz/zz H,  (Fix(r); Z/2Z) _< dimz/2z H,  (X; Z/2Z) 

(where X is a compact CW-complex and r: X --+ X is an involution) and the 

congruence 

(25) d i m z / 2 z H , ( X ; Z / 2 Z )  ==- d imz /2 zH , (F ix ( r ) ;Z /2Z)mod2;  

see for details [26, 38]. We apply the Smith-Floyd inequality and the above con- 

gruence to the involutions Conj on M and Conj• on Y. In order to get (21) we 

use Proposition 2.16. To prove (22) and (23) we notice that according to Propo- 

sition 2.23 one has b,(RY+ ) = b,(FA~) and b,(RY_ ) = b , (RM) + 2def(~A//). In 

addition, since n is even, 

b,(Y)  = x(Y) = 2x(CP n) - x (M)  = 2(n + 1) - (2n - b, (M))  = 2 + b , (M) ,  

and it remains to apply Proposition 2.20. | 

then 

(22) 
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( 0, 
(26) ,~(RM) - sign~ + / 

4-2, 

If n and d are even, then 

3.2 CONGRUENCES. 

THEOREM 3.2: Let M be a real C-hypersurface of degree d in CP n. If n is odd, 

then 

ifa(~A/l) = 0, modl6 .  
if a (RM) = 1 

sign~,2 ~ 0, ifa(PO/l) = def(RM) - 1, 
(27) -((RM_) = ~ + k +1, i f a ( ~ I )  = def(RM) roodS, 

sign~.2 
(28) x(XM+) - ~ 4- 1roodS, ifa(lRM) = O. 

Remark 3.3: Note that in the case of even n and d the condition a (~M) = 

def(]RM) - 1 is automatically fulfilled if a(RM) = 0, and the condition a(RM) = 

def(~Y/) is automatically fulfilled if a(RM) = 1. 

Proof of Theorem 3.2: The statement can be proven as the Rokhlin and Gudkov- 

Krahnov-Kharlamov congruences in the algebraic case [14, 20, 26, 38]. 

(i) Let n = 2k + 1 and a(~dY/) = 0. As in [26] (see also [14, 38]), the latter 

implies the splitting of H , _ I ( M )  into the orthogonal sum H+ • H_ of unimod- 

ular eigenlattiees corresponding to the eigenvalues 4-1 of Conj.: H n - I ( M )  --+ 

Hn-I(M).  

LEMMA 3.4: The signature of involution sign(Conj,) = sign(H+) - sign(H_) is 

equal to 

Proof: By the Atiyah-Singer formula (see [3, 26, 38]) sign(Conj,) is equal to 

]~2V/o RM, the self-intersection of RM in M. Let us show that ~ o ~ = 

(--1)k~i(]l~M). First, we smooth M as in Proposition 2.7. Then we take a tangent 

vector field V o n  ~Msm having only finitely many singular points which are 

all non-degenerate and lie outside ~ i  for any proper face 5 of the polytopes 

A1 . . . . .  AN in the subdivision of T~. Extend the vector field J(V) (where J is the 

almost complex structure on Msm defined in Proposition 2.8) to a neighborhood 

of ~fsm in ~Ism and slightly move RMs,~ along geodesics in Ms,~ tangent to 

the field obtained. The result has transversal intersection points with ~V/s,~ at 

the singular points of V. The intersection indices are equal to the multiplied by 

( -1 )  k indices of the singular points of V (see [26, 38]). | 

Denote by He the lattice H+ (resp., H_)  if k is odd (resp., k is even). From the 

existence of an almost complex structure on a smoothing of M (Proposition 2.8), 
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it follows tha t  He is even (see, for example,  [38]). Let ae be the s ignature  of He. 

Since He is un imodular  and even, the s ignature ae is divisible by 8. To finish the 

proof  in the case a ( R M )  = 0, it remains  to note t ha t  according to L e m m a  3.4 

we have s ign(M)  - X(~A//) = 2c~e. 

The  prove (27) in the case a ( R M )  = de f (RM)  - 1, we apply  the same argu- 

ments  to (Y, Conj_)  and use the relations X(IRY_) -- 2~(]RM_) and b , ( R Y _ )  = 

b , ( R M )  + 2def(~A//). 

(ii) Let now n -- 2k + 1 and a ( R M )  = 1. In this case (see, for example,  

[20, 38]), the discr iminants  of H +  and H _  are +2  (from the Smi th  theory  we 

get the inequali ty I d i scr (H+)  I -< 2 and then use the congruence )c(M) - 

( - 1 ) k s i g n ( M ) m o d 4  to show tha t  I discr(H=L) I r 1). Using L e m m a  3.4 and 

the fact tha t  the s ignature  of an even latt ice with discr iminant  •  is congruent  

to +1  m o d  8, we immedia te ly  obta in  the s t a t ement  required. 

To prove (27) in the case a ( R M )  -- d e f ( ~ M )  and (28), we again apply  the 

previous a rguments  to (Y, Conj_)  and (Y, Conj+).  | 

3.3 COMESSATTI INEQUALITY FOR REAL C-SURFACES. 

THEOREM 3.5: Let  M be a real C-hypersurface o f  degree d in C P  n and M '  be 

a nonsingular algebraic hypersurface o f  degree d in C P  n . Then 

2 - h l ' l ( M  ') < x ( R M )  <_ h l ' l ( M ' ) .  

Proof: The  a rguments  are complete ly  similar to the proof  of the Comessa t t i  

inequali ty in the case of real algebraic surfaces. 

Let H+  and H _  be again eigenlattices of H 2 ( M )  corresponding to the eigen- 

values +1  of Conj , :  H 2 ( M )  --+ H 2 ( M ) .  Denote  by a + (resp., a~_) the number  of 

posit ive (resp., negative) squares in the diagonal  form over Q of the restr ict ion 

of B: H 2 ( M )  • H2(M)  -+ Z to H+ .  We have 

a + + a+ + a + + a -  = d i m H 2 ( M ) ,  

a + - a+ + a + - a_- = s ign(M),  

a + + a +  - a + - a -  = , ~ ( R M )  - 2, 

a + - a+ - a + + a_- -- -X(PA//) .  

The  third and four th  equalities follow from the Lefschetz fixed point  theorem and 

At iyah-Singer  theorem,  respectively. We obta in  tha t  

4a+ = d im H2(M)  - s ign(M) + 2~:(RM) - 2 > 0, 

4 a -  = d i m H 2 ( M )  - s ign(M) - 2 x ( R M )  + 2 >_ 0. 
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These inequalities together with the Hodge index relations give the required 

statement. | 

3.4 TOPOLOGY OF REAL C-CURVES. Let M be an oriented smooth connected 

closed surface in CP 2. Then M is called a flexible c u r v e  o f  deg ree  d (see [33]) 

if 

�9 it realizes d[CP 1] �9 H2(CP2), 

�9 the genus of M is equal to (d - 1)(d - 2)/2, 

�9 M is invariant under the complex conjugation, 

�9 the field of tangent planes to M on M n ~p2  can be equivariantly deformed 

to the field of lines in CP ~ tangent to M N ]RP 2. 

According to Propositions 2.6, 2.8 and Corollary 2.13 (a smoothing of) a real 

C-curve of degree d in CP 2 is a flexible curve of degree d. Thus, all the restrictions 

on the topology of flexible curves are applicable to real C-curves. We formulate 

here in the framework of real C-curves the principal known restrictions on flexible 

curves. An extensive list of restrictions to the topology of flexible curves can be 

found in [33]. 

Let us start from definitions. The standard definitions applicable to real al- 

gebraic curves can be naturally extended to real C-curves. A real C-curve A of 

degree d in CP 2 is called an M - c u r v e  or m a x i m a l  if the real part ~ 4  of A has 

( d - 1 ) ( d - 2 ) / 2  + 1 connected components. A real C-curve A of degree d in CP  2 is 

called an (M - / ) - c u r v e  if ~ has (d - 1) ( d -  2)/2 + 1 - i connected components. 

A connected component of the real part of a real C-curve of degree d in CP 2 is 

called an oval if it divides RP  2 into two parts. The part homeomorphic to a 

disk is called the in te r io r  of the oval. All the connected components of the real 

part of a real C-curve of an even degree in CP  2 are ovals. Exactly one connected 

component of the real part of a real C-curve of an odd degree in CP 2 is not an 

oval. This component is called nont r iv ia l .  An oval is e v e n  (resp., odd)  if it lies 

inside of an even (resp., odd) number of other ovals of the curve. The numbers 

of even and odd ovals of a curve are denoted by p and n, respectively. The Euler 

characteristic of a connected component of the complement in ~D2 of the real 

part of a real C-curve is called the c h a r a c t e r i s t i c  of an oval bounding the com- 

ponent from outside. A component of the complement in R P  2 of the real part 

of a real C-curve is said to be even  if each of its inner bounding ovals contains 

inside an odd number of ovals. 

THEOREM 3.6: 

�9 Harnack inequality. The number of connected components of  the real part 

of a real C-curve of degree d in CP 2 is at most  ( d -  1 ) ( d -  2 ) / 2 +  1. 
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�9 Gudkov-Rokhl in  congruence. For a max im a l  real C-curve o f  degree 2k 

in C P  2 , one has 

p - n -- k 2 rood 8. 

�9 Gudkov-Krahnov  Khar lamov congruence. Let  A be a real C-curve o f  

degree 2k in C P  2 . I r A  is an ( M - 1)-curve, then 

p - n ~ k 2 • 1 mod 8. 

�9 Strengthened Petrovsky inequalities. For a real C-curve A o f  degree 2k 

in C P  2 , one has 

p - n -  < 3 k ( k - 1 )  
- 2 + 1 ,  n - p -  < _ 3 k ( k - 1 ) ,  

where p -  (resp., n - )  is the number  o f  even (resp., odd) ovals o f  R A  wi th  

negat ive characteristic. 

�9 Strengthened Arnold inequalities. For a real C-curve A o f  degree 2k in C P  2 , 

one has 

k 2 - 3k + 3 + ( - 1 )  k k 2 - 3k + 2 
p - + p 0 _ <  2 , n - + n  ~ 2 ' 

where p0 (resp., n ~ is the  number  o f  even (resp., odd) ovals o f  ~ A  wi th  

characterist ic O. 

�9 Ext remal  properties of s t rengthened Arnold inequalities. For a real C-curve 

o f  degree 2k in C P  2 , one has 

p -  = p+ = O, i l k  is even and p -  + p~ = (k 2 _ 3k + 4)/2,  

n -  = n + = O, i f  k is odd and n -  + n ~  2 - 3 k + 2 ) / 2 .  

A real C-curve A in C P  2 is said to be of t y p e  I if its real par t  ~ divides A 

into two parts; otherwise, the curve is of t y p e  I I .  For a curve A of type I, the 

orientations of two halves of A \ IRA induce on F~4 two opposite orientations 

which are called c o m p l e x  o r i e n t a t i o n s .  Note tha t  a real C-curve A is of type I 

if and only if all the algebraic curves used in the construct ion of A are of type I 

and complex orientations on the real parts  of these curves can be chosen in such 

a way tha t  they induce an orientation of ~A. 

A pair of ovals of the real par t  of a real C-curve in C P  2 is i n j e c t i v e  if one of 

them is inside the other one. A collection of ovals is called a n e s t  if any two of 

them form an injective pair. An injective pair of ovals of a real C-curve is p o s i t i v e  

(resp., n e g a t i v e )  if the complex orientations of the ovals are induced (resp., are 

not induced) from some orientation of the annulus bounded by the ovals. Take 
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an oval of a real C-curve of type I and of an odd degree in C P  2 , and consider the 

MSbius band  which is the complement  in ] I~  2 of the interior of the oval. The 

oval is called p o s i t i v e  (resp., n e g a t i v e )  if the integer homology class realized in 

the MSbius band  by the oval equipped with a complex orientation differs in sign 

(resp., coincides) with the class of the doubled nontrivial component  equipped 

with the complex orientation. 

THEOREM 3.7: 

�9 Klein congruence. Le t  A be a real C-curve o f  t ype  I in C P  2. I f  A is an 

( M  - i)-curve,  then i =- 0 mod 2. 

�9 Arnold congruence. For a real C-curve o f  t ype  I and o f  degree 2k, one has 

p -  n_= k 2rood4.  

�9 Rokhl in-Mishachev formulae. For a real C-curve A o f  t ype  I and o f  de- 

gree 2k in C P  2, one has 

2(II + - I I - )  = l - k 2, 

where I is the number  o f  ovals o f  F~A, and II  + and H -  are the numbers  o f  

pos i t ive  and negat ive inject ive  pairs, respectively.  For a real C-curve A o f  

t ype  I and of  degree 2k + 1 in ~ p 2 ,  one has 

2(II + - H - ) + A  + - A -  = l - k ( k + l ) ,  

where A + and A -  are the numbers  o f  pos i t ive  and negat ive ovals, respec- 

tively. 

�9 Khar l amov-Mar in  congruence. Let  A be a real C-curve o f  degree 2k in C P  2 . 

I f  A is an ( M  - 2)-curve and p - n = k 2 + 4 mod 8, then A is o f  t ype  I. 

�9 Rokhlin inequalities. Let  A be a real C-curve o f  t ype  I and o f  degree 2k 

in C P  2 . I f  k is even, then 4~ + p - n < 2k 2 - 6k + 8, where ~ is the number  

o f  odd n o n e m p t y  exterior  bounding ovals o f  even componen t s  ofF~P 2 \ IRA. 

I f  k is odd, then 47r + n - p < 2k 2 - 6k + 7, where 7r is the number  o f  odd 

n o n e m p t y  exter ior  bounding ovals o f  even componen t s  o f  ~ 2  \ F~A. 

�9 Ext remal  properties of s t rengthened Arnold inequalities. Let  A be a real 

C-curve o f  degree 2k in C P  2 . 

I l k  is even and p -  + pO = (k2 _ 3k + 4)/2,  then A is o f  t ype  I. 

I l k  is odd and n -  + n o = (k ~ - 3k + 2)/2,  then A is o f  t ype  I. 

Harnack inequality in the case of real C-curves constructed using a primitive 

(i.e., such tha t  all its triangles are of area 1/2) t r iangulat ion was first proved 
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in [18] and then  in a different way in [15]. Rokhl in-Mishachev  formulae in the 

case of real C-curves const ructed using a pr imit ive t r iangulat ion were proved 

in [24]. 

We would like to ment ion  one restr ict ion on real C-curves which is not proved 

in the case on flexible curves. 

�9 Hi lber t  theorem.  For a real C-curve A of degree d in C P  2, the sum of the 

depths of any two disjoint nests of RA is at most d/2, and the sum of the 

depths of any five disjoint nests of RA is at most d. 

In the case of real algebraic curves, this s t a tement  is an immedia te  corollary 

of the B6zout theorem.  For C-curves const ructed out  of t r inomials  the first pa r t  

of the s t a t ement  was proved in [8]. In general, bo th  inequalities follow from the 

fact t ha t  C-curves are p s e u d o - h o l o m o r p h i c  curves in C P  2 (see [20]) and f rom 

the results of [14]. 
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